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Besumen

4 Udme deberian reparfirse los recursos escasas enfre sus demandanfes?

sDeberia cadn individuo tener gamnfizade unas defermenadas ganancias?

Un problemsa de racionamiento aparece cada vez que la cantidad disponible de un
determinado bien es insuficiente para satisfacer los “derechos ohjetivos” que, sobre el
mismo, posee un grupo de agentes. El ejemplo méds caracter{stico es el de la quiebra
de una empresa, de aqui la denominacidin de este tipo de problemas en la literatura
econdmica como “Problemas de Banecarrota” (Bankruptey Problems). Sin embargo,
la descripeicn previa es aplicable a muchas ¥ muy diferentes situaciones reales, entre
las que podemos mencionar: el reparto de una herencia que no alcanza el valor de los
compromisos gue sobre la misma se establecieron; la distribucidn de un producto,
en un contexto de precios fijos, para el que la demands excede a la oferta; o la
recaudacidn de una cantidad fija de impuestos en una determinadsa comunidad.

Este tipo de problemas se ha descrito formalmente por un vector (E,c) €
ER, xR}, talque F < Y ¢, donde F es la cantidad disponible del bien que tiene

=T
gue distribuirse entre los E:gentes del conjunto N = {1,...,4,...,n} y cada coordenada
e, eg interpretada como la cantidad que el agente i-ésimo demanda del bien, reflejando
la condicidn & < 3 ¢; la incompatibilidad de los derechos individuales.
igfy

En este modelo, una solucidn denominads “Regla de Bancarrofa”(Bankrupefy

rule), debe entenderse como la aplicacidn de un proceso que proporciona una

distribucidn del bien teniendeo en cuenta las diferencias existentes entre los derechos

de los agentes. A este respecto, la Teoria Econdmica se ha centrado en el estudio de



2 Resumen

lag diferentes eoluciones desde tres enfoques diferentes, analizados en mayor detalle
még adelante.

El objetivo principal del presente trabajo es el andlisis exhaustivo, en el contexto
de los problemas de racionamiento, de dos importantes preocupaciones generales:
la discrepancia sobre las justificaciones morales de lo que se entiende por reparto
justo, ¥ la exploracidn sobre el establecimiento de medidas encaminadsas a garantizar
determinados derechos individuales.

En relacidn ala busqueda de una solucidn cuando se distribuyen recursos escasos,
la sociedad siempre ha tenido la preocupacidn de proponer asignaciones justas, como
queda sefialado por Lerner [27], entre otros: “Las personas parecen fener ef fuerte
deseo de creer en un mundo jusfo.” En este sentido, Schokkasert y Overlaet [46]
destacan dos corrientes diferenciadas en la abundante literatura sobre distribucidn
justa: fildsofos-economistas v peicdlogos-socidlogos. La primera, gue es una linea
mdg tedrica, trata de recoger una interpretacidn aceptable de lo gue entendemos
por distribuciones justas mediante la definicidn formal de modelos. La segunda, que
eg una linea méds informal ¥ descriptiva, trata de explicar la manera de percibir la
justicia por las personas, ¥ su comportamiento cuando se enfrentan a problemas de
distribucidn. Sin embargo, la Jusficio dificilmente nos conduce a un inico punto de
vigta: el mismo problema de distribucitn analizado por dos sociedades diferentes nos
conducird, casi con toda seguridad, al uso de diferentes reglas de reparto. (Moulin
[35], Young [65], entre otros). En nuestro contexto, esta discrepancia aparece de
manera natural, ya que cualquier distribucidn en los problemas de bancarrota puede
ser observada desde dos puntos de vista: ganancias o pérdidas. Por lo tanto, tenemos
dos puntos focales, que dependen de sl nos preocupan las ganancias que recibimos
o la cantidad no satisfecha de nuestra demanda. Asimismo, podemos encontrar
muchos contextos diferentes donde el desacuerdo sobre la asignacidn propuesta queda

recogido mediante dos puntos focales. Por ejemplo, en el contexto de los problemas
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de reparto de excedente (surplus sharing problems), Moulin [35] argumenta gue
lag reglag de reparto proporcional e igualitaria son las dos soluciones focales a
estos problemas y, de hecho, son las dnicas que satisfacen un conjunio mzonabie
de propiedades. Del mismo modo, en la teorfa de la justicia y asignaciones libres
de envidia (envy-free allocations), Varian [39] ya propone dos distribuciones focales:
Jjusta-renta y justa-rigueza.

La pregunta, por tanto, es: jCdmo puede {o genfe alcanzar wn acuerdo? En
palabras de Roemer [44], mds informacidn ayuda a que los acuerdos se alcancen:
"Las cosas se vuelven mds interesantes una vez que dejamos el confezfo restringido
de la negocincidn del bienestar (welfarist bargaining) e incluimos imformacion sobre

recursos, preferencias, necesidades, habilidades, eteétera. ¥

Trasladando estaz ideas a log problemas de bancarrota, el presente trabajo
define un problema de raclonamiento extendido, el Problema de Banecarrofa
Lorenz-Bifocal {Lorenz- Bifocal Bankruptey Problem), v realiza un profundo andlisis
sobre las consecuencias producidas por un enriquecimiento del modelo cldsico de
racionamiento con un tercer elemento, F, llamado conjunto de Prineipios Legitumos
(Leqtimate Principles set), el cual recoge principios éticos bédsicos cominmente
aceptados por una sociedad para resolver una familia especifica de problemas de
este tipo. La aparicidon de desacuerdo también es estudiada con el establecimiento de
dos reglas focales, digamos f v g, considerando tanto el hecho de que los problemas
de racionamiento pueden analizarse desde ganancias o pérdidas, como que el objetivo
general deseado por la sociedad es tratar a todo el mundo lo més igualitariamente
posible. Esta idea gueda recogida a través del criferio de Lorenz (Lorenz [28]),
siguiendo la linea de trabajo de Arin [4] ¥ Dutta y Ray [L7], entre otros. Por lo

tanto, nuestro problema se describe a través de un vector formado por un problema
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de bancarrota y lag dos reglas focales, que dependen del conjunto de Principios

Legitimos acordado por una sociedad, estoes, ((E,c), f(F),q(P)).

Con respecto al establecimiento de garantias, la preccupacidn de asegurar unocs
derechos individuales minimos ha fisurado de manera destacada en un gran mimero
de contextos. En este sentido, un tema cldsico que merece la pena destacar, ya que
ha acaparado la mayor parte de la atencidn tanto de la agenda politica como en
la literatura politico-social durante las dos dltimas décadas, es la Renfa Bdsica
Universal (Universal Basie Income) (ver, por ejemplo, Tobin et al [57]). Esta
propuesta consiste en el pago por parte de la administracidn de una prestacidn
monetaria a todos los ciudadanos, a la que tendrdn derecho por la simple razen
de existir como miembro pleno de una comunidad politica, sin tener en cuenta la
renta, vida laboral, capacidades laborales, o la composicidn de su familia (vedse
Noguera [41]). La progresidn de esta idea en los circulos académicos durante los
arios recientes, es realmente notable, tanto en términos sociales como politicos. En
este sentido, la Red Mundial sobre lo Renta Bdsica {Basic Income Euarth Network)
ha propiciado el debate v la investigacidn sobre la Renfas Bdsien Oniversal tanto
en el Parlamento Europec como en sus Comisiones y, en el caso de Brasil, ha
sido aprobada una ley encaminada a implementar la Renfa Bdsien Omaversol de
manera indefinida. Otro contexto donde la idea de garantia aparece, entre otras
sitnaciones, es el establecimiento de un salario minimo en el mercado laboral o, m&s
recientemente, el debate en Senado estadounidense acerca de asegurar una cobertura
sanitaria minims universal. Por otra parte, ¥ llevado a nuestro contexto, notemos
que, muchos autores, desde O'Neill [42] hasta Dominguez [13], han estudiado las

garantias desde el punto de vista de los problemas de racionamiento.

Tenilendo en cuenta estas dos prominentes preccupaciones generales, con el

problema de racionamiento extendido, ((E,c), f (P),g(F)), nosotros analizamos
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lag repercusiones producidas por la introduccidn de toda esta informacicn adicional
en el problema cldgico de bancarrota, de acuerdo con cada uno de los enfogques
metodoldgicos utilizados para abordar estos problemas. Consecuentemente, este
estudio estd estructuradoc en tres partes: Axiomédtico, Estrategico vy Juegos

Cooperativos.

e La Aproximacion Axiomstica, iniclada por Young [63, 64], trata de identificar
reglag de repartc con conjuntos de propiedades estructurales v ha dado
lugar a una amplia literatura, brillantemente sintetizada por Thomson [52]
¥ Moulin [37]. En esta linea, que sigue en continuo devenir, se enmarca el
reciente andlisis del establecimiento de diferentes niveles de garantia en los
repartos (vedse Herrero y Villar [23, 24|, Moulin [37], Moreno-Ternero y Villar
[33], Chun [10], Dominguez y Thomson [16] ¥y Dominguez [15]). Asimismo,
mediante la aplicacidn recursiva de las mismas, se definen nuevas soluciones.
En este contexto pretendemos analizar las implicaciones, sobre el concepto de
garantias, de establecer, desde el punto de partida, un conjunto de Principios
Legifimos exigibles a lag soluciones. Entonces, nosotros consideramos que cada
agente deberia recibir, al menos, la menor de las cantidades recomendadas por

todas estas soluciones.

¢ El Enfoque Estratégico de los problemas de racionamiento considera diferentes
procedimientos para solucionar las diferencias que los agentes pueden tener a
la hora decidir cémo distribuir log recursos. Cada procedimiento induce un
juego en el gque los agentes proponen estratégicamente una regla de reparto,
v la solucidn del juego comsiste en la hiisqueda de los Eguilibrios de Nash del
mismo (Nash [40]). Esta linea tiene su origen en las investigaciones de van
Damme [58], Marco, Peris ¥y Subiza [31] ¥ Naeve-Steimweg [39], que han sido

trasladadas a problemas de racionamiento por Chun [8] ¥ Herrero [21]. El
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andlisis de este tipo de juegos con la restriccidn de que los agentes inicamente
puedan proponer reglas de reparto que satisfagan el conjunto de Principios

Legitimos, serd nuestro objetivo en este contexto.

¢ El Enfoque de Juegos Cooperativos utiliza la teorfa de juegos como una
herramienta para encontrar soluciones a los problemas de racionamiento.
Especificamente, asocia a cada problema un juego v define reglas de reparto
mediante la aplicacidn de soluciones propuestas inicialmente para juegos,
tanto cooperativos con utilidad transferible, linea iniciada por O'Neill [42],
como juegos de negociacidn, conexisn analizada por Dagan y Volij [14]. Esta
metodologia también ha sido explorada, entre otros, por Aumann y Maschler
[6], Curiel, Maschler ¥ Tijs [13], Dutta y Ray [17] ¥ Alcalde, Marco ¥
Silva [1, 2]. En este nuevo contexto, en el gue incorporamos un conjunto
de Prneipios Legitimos en la definicidn del problema de racionamiento,
nosctros investigamos la posibilidad de definir y analizar el juego natural TU

cooperativo asociado, siguiendo la linea de O'Neill [42].

Nuestros resultados estdn organizados como sigue. En primer lugar, presentamos
la notacidn ¥ los modelos necesarice para una buensa comprensidn de la presente
tesis. El Capitulo 1 introduce nuestro nuevo problema de racionamiento extendido,
lamado FProblemas de Bancarrofo Lorensz- Bifocales (Lorenz-Bifocal Bankrupfey
Problems). A continuacisn, los siguientes dos capftulos recogen el andlisis axiomético
sobre este tipo de problemas. En particular, el Capitulo 2 propone un nueve método
para acotar ganancias, siguiendo la lines iniciada por O'Neill [42]. Empezando por el
hecho de gue una sociedad establece su propio conjunto de "Prineipios de Equidad
Cominmente Acepfados ", nuestra propuesta asegura que todos los agentes reciban
al menoe la cantidad minima de gananciag de acuerdo con todas las reglas Admasibles

por tal sociedad. Debido a que esta nueva acotacidn inferior no agota, en general,
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todos los recursos, entonces analizamos su aplicacidn recursiva, ¥ recuperamos reglas

clasicas de bancarrota.

Siguiendo en el Enfoque Axiomatico, el Capitulo 3 define el proceso Lorenz Doble
Recursivo (Lorenz Double Recursive), el cual consiste en la imposicidn recursiva de
la acotacidn inferior sobre gananciss v su acotacidn superior asociada, al mismo
tiempo. También proporcionamos una manera natural de justificar la combinacidn
convexa de reglas de bancarrota, recuperando la media de dos reglas que representan

maneras opuestas v extremas de distribuir los recursos.

El Capitulo 4 analiza los Problemas de Bancarrota Lorenz-Bifocales desde un
punto de vista estratégico, obteniendo nuevas bases para reglas de bancarrota cldsicas
mediante la utilizacidn de los mecanismos introducidos por Chun [8] y Herrero [23].
Ademsds, a través de la definicidn de un nuevo proceso, combinacidn de los dos
anteriores, recuperamos, de nuevo, la media de dos reglas que representan maneras

opuestas v extremas de distribuir los recursos.

El Capitulo 5 propone una manera natural de asociar un juego de utilidad
transferible a nuestro nuevo problema de bancarrota extendido, denominado Juego
de Bancarrofu Lorenz-Bifocal (Lorenz-Bifocal Bunkruptey Game) En particular,
establecemos la condicidn necesaria que tienen que cumplir las soluciones para estar
en el Core de este tipo de juegos, v, aungue estos juegos, en general, no gon convexos,
obtenemos que el walor de Shapley (Shapley value) es una seleccidn del Core ¥ que
también coincide con el Nueleolus. Ademsds, demostramos que la recomendacidn
hecha por estos dos conceptos de solucidn es, otra vez, la media de dos reglas

EXLrEITIAS.

Finalmente, el Capitulo & resume nuestras conclusiones generales e introduce

algunos trabajos en progreso v futuras lineas de investigacidn.



8 Resumen

A modo de sintesis, en esta tesis, por una parte, agegurando una minima cantidad
de ganancias a cada agente, proporcionamos nuevas bases, desde los Enfogques
Axiomdtico vy Estratégico, para reglas cldsicas de bancarrota: Iguol Gonancio
Restrmingida (Constramed Egual Awards), Iyual Pérdida Restmngida {Constrained
Equal Losses ), Piniles’ y su dual, e Jguaitaric Restringida ( Constrained Egalitarian)
v su dual. Del mismo modo, explicamos cdmo la combinacidn de los acuerdos sociales

sobre principios ¥ el proceso recursivo puede no ser plausible,

Por otra parte, usando estos dos enfoques e imponiendo al mismo tiempo tanto
unsa acotacidn inferior en ganancias como una superior, mostramos gue podemos
sostener de una manera razonable la propuesta de acuerdos "infermedios” en
problemas de bancarrota, de entre todas aguellas soluciones que son consideradas
Admisibles por una determinada socledad, esto eg, aguellas que satisfagan el conjunto
de FPrincipios Legifimos establecidos por y para la sociedad, ya que recuperamos
la. media entre dos asignaciones destacadas. Ademds, mediante la utilizacidn del
Enfoque de Juegos Cooperativos, también encontramos silidas bases para seleccionar
la media de dos puntos de vista focales de entre todos aquellos compromisos
intermediog, proporcionando un soporte muy simple, actual ¥ comiinmente oheervado
en las decisiones colectivas.

Considerando todo lo anterior, pensamos que esta tesis arrcja luz sobre la

cuestidn propuesta en el titulo de la misma:

sFPor qué la wirtud estd en el punfo medio?



ABSTRACT - INTRODUCTION

How should the scarce resources be rafioned among claimants ¥

Should each individual have o quamnieed level of awards?

A rationing problem appears each time that the available quantity of a particular
good is insufficient to satisfy the "objective rights® that a group of agents has on
it. The most characteristic example is the bankruptcy of a company, hence the
designation of such problems in the economic literature ag Bankrupfcy FProblems.
However, the previous description is applicable to many different real situations,
among which we mention: the division of an inheritance which does not reach the
value of the commitments that were established on it; the distribution of a product,
in a context of fixed prices, for which demand exceeds supply; or the collection of a
fixed amount of taxes in a given community.

This type of problem is formally described by a vector (E,e) € Ry % R7, such
that B < _Z-::,;, where E iz the available quantity of the good to be distributed
AmMong a.ge;.ig in the set N = {1,...,,...,n} and each coordinate ¢ is interpreted as
the demand for good by the i-th agent, meaning the condition ¥ « % ¢; reflects the
incompatibility of all rights. =

In thiz model, a solution called Bankrupfey Rule involves applying a procedure
for each bankruptey problem that ensures a distribution of the good that takes the
differences among agents’ claims into account. In this regard, Economic Theory has

focused on the study of different solutions from three different approaches, discussed

in further detail below.
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The main purpose of this dissertation is to produce an in-depth analysis, in the
context of rationing problems, of two important general concerns: discrepancy over
the moral intuitions of a fair distribution, and the prospect of establishing measures
to guarantee certain individuals' rights.

In terms of finding a sclution, society has always taken care to propose a
fair allocation when distributing resources, as pointed out by Lerner [27], among
others: “People seem fo have o strong desire fo befieve in a just world. ¥ In this
regard, Schokkaert and Overlaet [46] highlight two streams in the vast literature
on distributive justice: one of philosohers-economists, and one of psychologists-
sociologists. The former, more theoretical line, defines formal models trying to gather
an acceptable interpretation of fair distributions. The latter, more informal and
descriptive line, tries to explain the way in which people perceives fairnese, and
their behavior when facing distribution problems. However, Fairness hardly leads
to a single viewpoint: the same distribution problem faced by two different zocieties
will almost certainly lead to the use of different distributional rules (Moulin [38],
Young [63], among others). In our framework, this discrepancy arises in a natural
way, as any distribution in bankruptecy problems can be observed by focusing either
on gaing or on losses. We thus have at least two focal viewpoints, depending on
whether we worry about the awards we receive or the amount of our demand that is
not satisfied. We can also find many contexts where discrepancy over the proposed
allocation results in two focal points. For instance, in the context of the surplus
sharing problem, Moulin [35] argues that the equal and proportional sharing rules
are the two focal solutions of this problem and, indeed, the only ones satisfying a
reasonable sef of properties. Furthermore, in the theory of fairness and envy-free
allocation, Varian [59] has already proposed two focal distributions: an income-fair

and a wealth-fair allocations basing on abilities.



Rationing problems with Commonly Accepted Equity Principles 11

The question, therefore, is: How can people reach an agreement? In Roemer’s
[44] words, more information helps agreements to be reached: "Things become more
inferesting once we leave the restricted welforist of bamyaining frumework and include

informafion on resources, preferences, needs, skills and so on. ¥

Translating these ideas to bankruptcy problems, the current work defines an
extended rationing problem, the Lorenz Bifocal Bankruptcy Problem, and makes a
thorough analysis of the consequences of enriching the classical model of rationing
with a third element, F, called set of Legitimate Principles, comprising basic ethical
principles commonly accepted by a society to resolve a specific family of problems
of this kind. The appearance of discrepancy is also analyzed, with the establishment
of two focal rules, say f and g, by considering both the fact that rationing problems
can be analyzed from awards or losses, and that the general desirable social goal is to
treat everybody as evenly as possible. This idea is captured by the Lorenz eriferion
(Lorenz [28]), in line with the work of Arin [4] and Dutta and Ray [17], among others.
Thus, our problem is described by the vector formed by a bankruptey problem and

the two focal allocations, which depend on the set of Lequfimate Principles accorded

by a society, that is, ((F,c), f (P),q(F)).

Regarding to establishing guarantees, the concern of ensuring minimum
individual rights has been figured prominently in a high number of contexts. In
this sense, a classical issue that is worth highlighting, as it has captured most of
the attention in the social policy literature and the political agenda during the last
two decades, iz the Universal Basic Income (see for instance Tobin et al [57]).
This proposal involves the payment of a universal cash benefit to all citizens by
the Administration, to which they would be entitled by the simple fact of being
a full member of a community politics, regardless of income, employment history,

availability for work, or the composition of her family (see for instance Noguera
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[41]). The progression of this idea in academic circles in recent years has been truly
remarkable, in both social and political terms. In this regard, the Basie Income
Earth Network has led to debate and research into the Cnewersol Basic Inecome
in the FEuropean Parliament and Commission and, in the case of Brazil a law has
been approved to implement the Cniversal Basie Income for an indefinite period.
Another context where the ides of guarantee appears, among other situations, is the
establishment of a minimum wage in the labour market or, more currently, the U.5.
Senate'’s debate of ensuring universal minimum health coverage. On the other hand,
note that in our contex, many authors, from O'Neill [42] to Dominguez [15], have

dealt with guarantees in rationing problems.

Taking into the account these two general and prominent concerns, with the
extended rationing problem, ((E,c), f (F), ¢ (P)), we analyze the consequences of
entering this additional information into the clagsical bankruptey problem, according
to each of the methodological approaches used to address these problems. Thus, this

study is structured in three parts: Axiomatic, Strategic and Cooperative Games.

e The Axiomatic Approach, initiated by Young [63, 64], tries to identify
bankruptey rules with sets of structural properties and has led to a wvast
literature, brilllantly synthesized by Thomson [52] and Moulin [37]. In
continuous evolution, this approach fite the recent analysis of establishing
different levels of guarantees, when distributing the scarce resources (see
Herrero and Villar [23, 24|, Moulin [37], Moreno-Ternero and Villar [33],
Chun [10], Dominguez and Thomson [16] and Dominguez [15]). Furthermore,
by recursively applying these lower bounds, new solutions are defined along
these lines. In this context we analyze the implications for the concept
of guarantees (lower bounds) by establishing from the beginning a set of

Legifimate Principles required for the solution allowed. We then naturally
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consider that agents should receive at least the smallest amount recommended

by all these solutions.

e Strategic analysis of rationing problems considers different procedures for
solving the differences between agents when deciding how to distribute the
resource. Each procedure induces a game in which players strategically propose
a bankruptey rule, and the solution of the game consists of finding the Nash
equilibrig (Nash [40]). This approach comes from research by van Damme [38],
Marco, Peris and Subiza [31] and Naeve-Steimweg [39], transferred to rationing
problems by Chun [8] and Herrero [21]. Our aim is to analyze these kind of
games with the restriction that agents only can propose allocations that satisfy

the set of Legiftimate Principles.

e The Cooperative Game Approach uses game theory as a tool for finding
solutions to bankruptcy problems. Specifically, it relates a game each rationing
problem and defines distribution rules by applying solutions originally
proposed for games, both cooperative with transferable utility, initiated by
O'Neill [42], and bargaining games, as analyzed by Dagan and Volij [14]. This
methodology has also been explored by Aumann and Maschler [5], Curiel,
Maschler and Tijs [13], Dutta and Ray [17], and Alcalde, Marco and Silva
[1, 2], among others. In our new context, in which we incorporate a set of
Legifimate Prineiples into the definition of a rationing problem, we investigate
the possibility of defining and analyzing the natural associated game, following

the definitions of O'Neill [42] and Dagan and Volij [14].

Our results are organized as follows. Firstly, we present all the notation and
the models needed for a good comprehension of the present dizsertation. Chapter 1

introduces our new extended rationing problem, known as Lorenz- Bifocal Bankruptey
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Frabfems. Then, the following two chapters set out the axiomatic analysis of these
problems. In particular, Chapter 2 proposes a new method for bounding awards
following the line initiated by O'Neill [42]. Starting from the fact that a soclety
establishes itz own set of “"Commondy Accepted Egquity Principles”, our proposal
ensureg all agents the minimum amount they can receive according to all the
Admissible rules for such a soclety. Because this new lower bound will not exhaust
the endowment in general, we then analyze its recursive application by retrieving

old well known bankruptey rules.

Following in this Axiomatic Approach, Chapter 3 defines the Lorenz Double
Recursive procedure, which consists of the recursive imposition of both the lower
bound on awards and its associated upper bound. We also provide a natural way of
justifying the convex combination of bankruptcy rules, by means of their recursive
application, retrieving the average of two extreme and opposite ways of distributing

the endowment.

Chapter 4 analyses the Lorenz-Bifocal Bankrupfey FProblems from an strategic
viewpoint, and a new basis for old bankruptcy rules is obtained by using the
mechanisme introduced by Chun [8] and Herrero [23]. Furthermore, by defining a
new procedure, which is a combination of the previous ones, we retrieve the average

of rules representing two extreme and opposite ways of distribute the resource.

Chapter 5 proposes a natural way of associating a TU game to our new extended
bankruptey problem, called the Loremz-Bifocal Bankruptey Game. Specifically, we
state a necessary condition for solutions to be in the Core of these games; and,
although these games are not generally convex, we find out that the Shapley value
is a Core selection and also coincides with the Nueleofus. We also show that the
recommendation made by these two solution concepts is again the average of the

twio extreme rules.
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Finally, Chapter 6 summarizes our general conclusions and introduces some works

in progress and future research lines.

On the one hand, therefore, by ensuring a minimal amount of awards to each
claimant, we provide new basis from Axiomatic and Strategic viewpoints, for classical
and well-known bankruptcy rules: the Constrained Equal Awards, the Constrained
Equal Losses, Piniles’ and its dual, and the Constrained Egalifarian and its dual. We
also explain how the combination of social agreements on principles and recursive

procedure may become implausible.,

On the other hand, by using thesze approaches and by requiring both a lower
and an upper bound on awards, we can reasonably sustain the proposal of
"infermediafe " agreements for bankruptey problems, from among all the solutions
that are considered Admissible for a given society, Le., the ones satisfying the =zet of
Legitimate Prineiples established by and for the society {we retrieve the average
between two prominent allocations). Moreover, by using the Cooperative Game
Approach, we also find solid grounds for selecting the average of the two focal
viewpoints from among all the intermediate compromises, supporting very simple,
current and commonly observed collective decisions.

Considering all the above, we think that the current dissertation sheds light onto

the guestion posed in its title:

Why does wirfue &e in the middle ground?
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PRELIMINARIES,

Next, we introduce all the concepts and definitions which are used in the following
chapters. Firstly, we present rationing problems, highlighting some of their main
solutions and paying special attention to the Axiomatic Approach: a method which
consists of identifying bankruptcy rules with various combinations of appealing
properties. Secondly, we introduce the main results on the establishment of
guarantees when facing bankruptcy problems. Thirdly, we provide some definitions
related tothe Lorensz ceriferzon, one of the most used and widely accepted egalitarian
concepts. Finally, we present two alternative methods, based in Game Theory, that
have been used to analyze bankruptcy situations: the Strategic and the Cooperative

(Game Approaches.

0.1 Bankruptcy problems: Axiomatic Approach.

The problem of allocating scarce resources among alternative uses iz one of the
elements that defines the nature of economic science. In this context, many different
situations are fit, ranging from individual to social decision problems. For example,
dividing our time between labour and leisure; how to spend our money; distributing
the tax burden; the allbcation of the budget estate among each ministry; rationing
a natural resource, like water, among citizens, ... Particularly, our work focuses on
analyzing those situations where a perfectly divisible good should be rationed among

agents, since their aggregate demands exceeds itz supply. Formally:
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Definition 1 A bankruptcy problem is o puir (E,c) € R, x BT such that

E< ) o

ief
Each agenti € N, ¥ = {1, ...,%,...,n}, has aclaim ¢; on the estate or endowment,
E, which represents the quantity of a perfectly divisible good that should be
distributed among the agents. Figure 1 shows this situation graphically. The black

lines represent different level of the estate (£, E'), and the vector (1, cz) shows the

claims of the two agents, whose aggregate iz bigger than the resources .

Figure 1: Bi-personal bankruptcy problems.

Hereinafter, B denotes the set of all bankruptcy problems; given a bankruptey
problem (E,c) £ B, € denotes the sum of the agents’ claims, &' = % ¢ and By
ieh

the set of bankruptcy problems in which claims are increasingly ordered, that is,

bankruptcy problems with o < ¢y fore < 7.
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In this situation, the question is how to distribute a guantity of a perfectly
divisible good among a group of agents whose aggregate demands, needs or rights,
gathered by the claims vector, exceed the amount to be distributed. Its answer
has been analyzed by different methods: the Axiomatic, the Strategic and the
Cooperative Game Approaches. In this section we pay special attention to the former

C1E,

From the axiomatic viewpoint, initiated by Young [63, 64], bankruptcy problems
are treated from an external agent’s perspective. Specifically, this “arbifrator ¥ pursue
the goal of deciding a “fair” sharing of the resource among the claimants, for which
she requires that this distribution satisfies some appealing principles. So that, the
Axiomatic Approach iz a normative analysis bases on the search of properties,
representing equity principles, to describe the family of solutions satisfying these
requirements and, then, characterize each solution with the lowest number of

principles (see, for instance, Thomson [52]).

Henceforth, next we define the concept of bankruptey solution, named
bankruptcy rule, and present some of the most important ones below. Thereupon,
we introduce some appealing properties, particularly those which are playing an

important role in the explanation of the current work.

Definition 2 A bankruptcy rule, or ssmply a rule, 15 o funciion, ¢ 1 B — R}, such

that for each (E,c) € B,

(8] Y. w(E, c)=FE fefficiency) and

pi=gy}

(6) 0 < p,(E,c) <o for eachi € N (non-negativity and claim-boundedness).
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The Proporfional rule makes awards proportional to the claims,

The Proportional rule, P, associates for each (F,c) € B, and each 1 € N,

F(E,c) = (E/C) e

The Constrained Equal Awards rule (Maimonides, 12th century, among others)
recommends equal awards to all claimants subject to no-one receiving more than her
claim.

The Constrained Equal Awards rule, CFEA, associates for each (F,c¢) € B and

eachi € N, OFA,(F,¢) = min{e;, u}, where i is chosen so that > min {e;, u} = E.
iEn

The Constramed Equal Losses rule, discussed by Malmonides {Aumann and
Maschler [5]), chooses the awards vector at which losses from the claims vector
are the same for all agents, subject to no-one receiving a negative amount.

The Constrained Equal Losses rule, ©FL, associates for each (E,c) € B
and each ¢ € N, CEL(F,c) = max{0,c; — u}, where p iz chosen so that

3 max{0,0; —u}t=F.
=y

Fingles’ rule (Piniles [43]) provides, for each problem (E,c) € B, the awards that
the Constrained Fgual Awards rule recommends for (F,¢/2), when the endowment
ie less than the half-sum of the claims. Otherwise, each agent first receives her half-
claim, then the Constramed Egual Awards rule is applied to the residual problem
(E—C/f2,2/2).

Piniles’ rule, Pin, associates for each (F,c) £ B and each 7 £ IV,

CEA;(E, cf2) if £ < /2
Ping(E,c) =

/2 + CEA(E — C/2,0/2) U E>C/2



Rationing problems with Commonly Accepted Equity Principles 21

The Talmud rule (Aumann and Maschler [5]), assigns the awards that the
Constramned Fgual Awards rule recommends for (E, ¢/2), when the endowment is
less than the half-sum of the claims, Otherwise, each agent first receives her half-
claim, then the Consimined Egqual Losses rule is applied to the residual problem
(E—C/2,2/2).

The Talmud rule, T, associates for each (,c) € B, and each 7 £ N,

. CEA(E,c/2) if £ < /2

/2 + CEL(E — Cf2,¢/2) if E> /2

The Constrained Egafitarian rule, proposed by Chun et al. [11], is inspired by
the Cfmiform rule [Sprumont [51]), a solution to the problem of fair division when
the preferences are single-peaked. It makes the minimal adjustment in the formula of
the Uniform rule, taking the half-claims as the peaks and guaranteeing that awards
are ordered in the same way as claims are.

The Constrained Egalitarian rule, C'F, associates for each (F,c) € B and

each 1 € IV,

CEA(FE, cf2) it E<C/f2
CE(E,c) =

maxq ¢;/2, min{e;, 8 }} if &= C/f2
where & is chosen so that %CE;;(E, c) = E.
ic
Next, Figures 2, 3, 4 and 5 show the path of awards for different levels of the
resource, recommended by all the bankruptey rules we have just introduced: the
Froportional (redline), Constrained Equal Awards (blue line), the Constrained Fqual
Losses (green line), Pinsles’ (yellow), the Tafmud (orange line) and the Constrained

Egalitarian (grey line) rules.
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rule.

Figure 4: The Taimud rule.
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At this point, it is worth noting that there are two natural viewpoints when facing
bankruptcy problems. On the one hand, these situations could be analyzed taking
into account the awards received by each agent, ie., focusing on "what is recesved ¥,
Whereag, on the other hand, these problems can be treated by paying attention to
the amount of the claims that are not satisfied, "what is messing ¥, that is, the losses
incurred by each agent when a rule ¢ is applied, denoted by {; = o — , (E, ),
for each 1 € N. Then, the total loss to distribute, L, is the aggregate losses, L =
=3 . wbi=C—E.

In this line, Aumann and Maschler [5] define the dual relation between rules as
follows. Given a rule p, its dual shares out logses in the same way that p divides the
endowment. Formally:

The dual of ¢, denoted by %, assigns for each (E,¢) € B and each i € N,

OfE,e) = e; —y(L, ).

It is straightforward to check that for each rule, i, its dual is well defined, since
given that (E,c) € B, (L,c) € B and given that p satisfies efficiency, non-negativity

and claim-boundedness, the same will apply for ¢

Woreover, if a rule recommends the same allocation when dividing awards and
losses, it is Self-Dual

A rule v is Self-Dual, if for each (E,c) € B and each i € N, p,;(E,c) = o;—

_[Pi(chj'

It can easily checked that the Proporfional and the Tabnud rules are Self-Dual,
while the Consfroined Equal Awards and the Constramed Egual Losses rules are dual
each other (Herrero [21]). Moreover, next we define the dual rules of the Pinifes” and

the Constrained FEgaliforian ones.
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Dual of Piniles’ rule provides, for each problem (F,c) € B, the sharing that
the Constrained Fqual Losses rule recommends for (F,¢/2), when the endowment
i less than the half-sum of the claimes. Otherwise, each agent first receives her half-

claim, then the Constmined Equal Losses rule is re-applied to the residual problem

(B — C/2,¢/2).

Dwual of Piniles’ rule, DFin, associates for each (F,c) £ B and each 1 £ ¥,

CEL,(E, ¢/2) it £ < /2
DPingE,c) =
c/2+ CEL{E —C[2,2/2) if E=C/2

The Dual Constrained Egalitarian rule gives the half-claims a central role and
makes the minimal adjustment in the formula of the Dual Uniform rule to guarantee

that losses are ordered in the same way as claims are.

Dual Constrained Egalitarian rule, DCE, associates for each (E,c) € B and

each 1 £ &V,

c; — max{c;/2, min {g, }+} ifE<C/2
DCE,(E, c) =

/2 + CEL(E — C/2, ¢/2) if &> C/2
where & is chosen such that 3} DOE(E,c) = E.
i
Next, we will commenting on some appealing properties, particularly those which

are playing an important role in the explanation of the current work.

Order Preservation {Aumann and Maschler [5]) requires respecting the ordering
of the claims: if agent i’s claim iz at least as large as agent j’= claim, he should receive
and lose at least ag much as agent 7, does respectively.

Order Preservation: for each (F,¢) € B, and each 1, 7 € IV, such that ¢; > Cy s

then [P-;'(Er C:I = Lp;fllrErC)r and C'a'_w-.i(Ea C:I = Cy _WJ(Ea er that is E'&(Er C) = EJ':E? C)'
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Resource Monofonicify (Curiel et al. [13], Young [64], among others) demands
that if the endowment increases, then all individuals should get at least what they
received initially,

Respurce Monotonicity: for each (F,c) £ B and each E' £ B, such that
' »FE = E then o (E' c) > w.(E,c), foreach i € IV,

A Super-Modular rule (Dagan et al. [14]) allocates each additional dollar in an
"order preserving” manner. In other words, when the endowment increases, agents
with higher claims receive a greater part of the increment than those with lower
claime.

Super-Modularity: for each [E,c) € B, all ' € By and each 1,7 € ¥ such

that C' > E' > E and ¢; = ¢, then w,(E',c) —w,(E,c) = v, (E',c] —p;(E, ).

Mudpoint Property (Chun, Schummer and Thomson [11]) requires that if the
estate & equal to the sum of the halfclaimes, then all agents should receive their
half-claim.

Midpoint Property: for each (F,c) € B and each: € N, if £ = /2, then

pi(Byc) = cif2.

The dusal relation defined between rules has been carried to the concept of pro-
perty. In this sense, given two properties, we say that they are dual of each other if

whenever a rule satisfies one of them, its dual satisfies the other.

Two properties, P and P', are dual if whenever a rule, v, satisfies P, its dual,

¢, satisfies 7",
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It is worth noting that all the principles we have introduced are invariant to the
perspective from which the problem is thought, that is, they do not change when
dividing "what is available” or "what is missing”, so , they are Seff-Dual Formally:

A property, P, is Self-Dual when it coincides with its dual,

0.2 Bounds on bankruptcy problems.

When analyzing bankruptcy problems from the axiomatic viewpoint many authors
hawe proposed certain lower bounds on awards with the aim of ensuring a minimum
amount of the resources to each agent. In fact, the solution for the "Clonfested
Garment Problem " proposed in the Babylonic Talmud suggests that each agent
should receive at least some part of the available amount when facing these kind
of situations. This idea appears in the formal definition of a rule, requiring that
no agent receives less than zero. Later, it has underlied the theoretical analysis of
bankruptcy problems from its beginning (O'Neill, [42]) to present day (Dominguez,
[15]). Next we chronologically present the main concepts that can be found in the

literature arcund the idea of establishing lower bounds on awards.

¢ By reguiring non-negativity, w.(F,c) = 0 for each 2 € &V, the definition of a

bankruptcy rule gives a lower bound on awards (see Definition 2).

¢ O’Neill [42] defines a lower bound on awards, called Respect of Minimal Right,
which implies that each agent must receive at least, either the remaining
endowment after the other claimants have been fully compensated, or nothing

if this amount is negative.

A rule o satisfies Respect of Minimal Right if for each (F,c) in B, and

for each? £ NV,

@, (E,c) zmax{ 0, E — ch
Fei 4 {7}
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e Herrero and Villar [23, 24] imtroduce two properties, Sustainability and

FEzemphion, that bound awards.

The former, Sustainabality says that an agent should receive all her claim,
whenever this is sustainable, defined as follows. A claim, o, 15 sustainable if
when we truncate all the claims by this one, the problem becomes feasible, ie.,
ZjEN min {c,cj} < F, where ¢ = o;.

A rule i satisfies Sustainability if for each (F,c) € B, and each i € IV, if

¢, 18 sustainable then,

[!9-&(-5: C) = o

The second bound, Ezemption, requires that when the amount to be divided is
large enough with respect to agent’s claims, only those agents with larger claims
have to be rationed.

A rule ¢ satisfies Exemption if for each (E,c) € B, and each 1 € NV, if

[pi(Er C) = .

¢ Moulin [37] defines a bound on awards, called Lower Bound, requiring that
each agent receives at least a "fair"” share of the resources except those who

demand less than E/mn, in which case her demand is met in full.

A rule o satisfies Lower Bound if for each (F,¢) € B, and each 7 £ &V,

1
w.(E,c) > min {q,—E} .
n
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¢ Moreno-Ternero and Villar [33] present a weaker notion of Moulin's lower
bound, called Securement, which establishes that each agent should receive

at least 1/n of her claim truncated by the amount to divide.
A rule i satisfies Securement if for each (F,z) £ B, and each 7 € IV,

w,(E,c) = 2 min{e, E}.

¢ Finally, Dominguez [15] proposes, under the name of Min Lower Bound, that
each agent should receive at least 1/n of the smallest claim truncated by the

amount to divide.

A rule o satisfies Min Lower Bound if for each (E,¢) € B, and each 1 € NV,
w;(F,c) > 2min {min {'::f};f:-:f\r ,E} :
0.3 The Lorenz criterien.

Note that, as Sections 0.1 and 0.2 show, an important purpose when analyzing
bankruptey problems from the axiomatic viewpoint is to identify those rules fulfilling
a set of requirements with which are pursued "fair” allocations. In this sense, when
talking about "fairness", we should take into account that societies do not care only

about the individusal gains, but also about the social benefits. In Young's [65] words:

P The sharmng rules express a nofion of equality in the diwision of jointly
produced goods. By equitable I do not necessarily mean ethical or moral,
but that which a given sociefy considers fo be appropriate fo the need,

status and contributions of various members”
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The equity criteria we apply in this work is the Lorenz-eriferion which has been
widely accepted when the general social goal is to treat everybody as evenly as
possible (see for instance Arin [4], Dutta and Ray [17], Cowell [12] and Lambert [26]).
In this regard, if a vector © Lorenz domanafes a vector 4, then z is less unequally

distributed than ¢ Formally:

For each vector z € R7, we denote by II{z) the vector that results from = by

permuting the coordinates in such a way that [1;(z) < g(z) < ... < [I(z).

Let =, € R}, we say that ¢ Lorenz dominates y, denoted by = =, y, if
Oy (z) = My(y), My{z) + Oa(z) = [a(z) + My(z), and so on, with at least one
strict inequality. Note that, given =,y € R}, we do not impose on these vectors the

condition > z; = 3. in order to apply the Lorenz domination criterion (see Arin
e =y
[4]).

If the partial sums are equal for [1{z) and I1(y), the two vectors, = and y are said

to be Lorenz equivalent, denoted by = ~, w.

Moreover, a vector * £ R} is Lorenz Maximal if there is no other vector
v € R} such that, ¥ =, . And, particularly, given a set S C R}, a vector z £ 5 is

Lorenz Maximal in 5 if there is no other vector ¢ € 5 such that, y =, .

Finally, applying the Lorenz-criferon on the two focus, gaine and losses, that
"naturally” arises in bankruptcy problems, we can define the concepts of Lomenz-

frains and Lorenz-Losses domination.

Given two bankruptcy rules f and g, we say that f Lorenz-gains dominates g
if for each (E,c) € B, f(F,c) =; g(F,c). And a bankruptcy rule f is Lorenz-

Gains Maximal, LGM, if there is no other g such that, for each (F,c) € B,
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g(E,c) =, f(E,c). Analogously, f Lorenz-losses dominates g if for each (F,c) € B,
(c—f{F,c)) =y ([c—g(E,c)). And a bankruptcy rule f is Lorenz-Losses Ma-

ximal, LLM, if there is no other g such that, for each (E,c) € B, (c — g (E,c)) =,

¢ (o— f{E,e)).

To clarify these concepts, Figure 8 shows the Lorenz-GGains and Lorenz-Losses
Mazimal rules for a bankruptey problem (Schummer and Thomson [47]). Specifically,
the blue line represents the most evenly rule when sharing the estate which, in
this case, corresponds with the Consfrained Fgual Awaerds rule. Analogously, the
green line represents the Constramned Egual Losses rule, which recommends the most

evenly distribution of the losses.

P i, e

M o -

Figure 8: Lorenz dominination in bi-personal bankruptcy problems.

0.4 BStrategic Approach.

Ag stated, there are three methods to study bankruptcy problems. Whereas the

Axiomatic Approach treats these problems from a rules-based viewpoint, the
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Strategic Approach (initiated by van Damme [58]) considers rationing problems from
a positive viewpoint. That ig, the rule which is applied to distribute the resource
is not imposed by an external agent, but it is the result of a game where agents
act individually pursuing their best strategy, which is that one ensuring her highest
payotf. Thus, this analysie ie baged on the definition of a game where its fundamental
requirement iz that the recommendation has to be self-enforcing, ie., there is no
external mechanism which let the commitments.

Particularly, in the current work we focus on static games with complete

information, denoted by [, which are represented as follows,
a) A set of agents, N = {1,...,4,...,n}.
b) A set of strategies 5; for each agent, 1 € ¥,

c) A payoff function m; @ 51 % ... % Sy, for each agent, ¢ € ¥, which iz based on some

conjecture concerning the remaining players’ strategies, s, £ 5, 7 #F1 £ V,.

Hence, we denote by I’ the strategic game where each agent, 1 € N, chooses a

strategy s; £ 5;, according to her payoft function m,,

= {N{S} . {m .

Specifically, in such a strategic game we look for a Nash equelibrium, which in

Nagh's [40] words:

"By using the principles that a rafional prediction should be unique, thaf
the players should be able fo make use of if, and fhat such knowledge
on the part of each player of what fo expect the others fo do should nof
lead him fo act out of conformuty weth the prediction, one i led fo the

coneept.
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This concept, which is the main solution concept in the Strategic Approach, says
ug that this equilibrium is formed by the optimal strategies for each player, given
the other players' strategies. In other words, a Nash equelebrium is a situation where

there are no player who wants to deviate unilaterally. Formally:

Theorem (Nash, 1851) Given a game T in strategic form, the profiles 5% =
= (s},s%,...,3}) is called o Nash equilibrium if for each 1 € N and each s5; € 5,

ey D

m(s¥) = om I:S'irS*-;) -

0.5 Transferable Utility Games.

Now we present the third method for analyzing bankruptcy problems: the
Cooperative (Game Approach, which was initiated by, on the one hand, Dagan and
Volij [14], who assoclate a bargaining problem to each bankruptey problem and
analyze the relationship among solutions; and, on the other hand, O'Neill's [42],
who interprets the relationship between bankruptcy problems and a particular class
of Transferable Utility Cooperative Games. Concretely, in the current dissertation
we will focus in the latter viewpoint. In this senze, O’Neill provides new basis
for the resolution of rationing problems using the idea of coalition, which implies
that cooperation among agents iz allowed. That iz, now the rule which iz applied
to distribute the resource is consequence of a game where groups of players tend
to enforce cooperative behavior. Next, we present the main concepts used in this

approach.

A particular kind of cooperative games, on what we will pay attention from now
on, is the family of transferable utility games, or TU games. In these games, the
utility functions for all the agents are chosen so that the rate of transfer of utility

among any two of them is 1:1. Therefore, given a set of agents N, a TU game
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involving N can be described as a function V' associating a real number to each

subset of agents, or coalition, S contained in N {von Neumann and Morgenstern

[60]). Formally:
A TU game is a pair (N, V), where V. 2" = B, and V(@) =0,

Hereinafter, and because along the present dissertation we do not consider

changes in the agents’ population, we summarize a TU-game by V.

Given a coalition § C &, V(9) is commonly called its worth, and denotes the
awards that agents in 5 can guarantee by working together. An imputation of a TU

game i a sharing of the worth of the grand coalition. Formally:

Let (N, V) be a TU game. The set of imputations, denoted by I{N, V), is

N, V)= {z ER:Y T = (Nj}.

Ry

Assuming supperaditivity, that is, the worth of a coalition is bigger than the sum
of the worth of any partition of such a coalition, we can describe a solution for TU
games a8 a correspondence selecting, for each TU game a set of shares of the worth

of the grand coalition. Formally:

A TU game solution iz a correspondence, from a family of TU games, &,

referred to a fixed set of agents, N, ¢ : G — R7 such that if z (N, V)

Yoz =V(N)

LI=py
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When a TU game solution is univalued, i.e., it consists of a unique share of V(N),
then we call it a TU game value.
A TU-value is a function, from a family of TU-games, (&, referred to a fixed set
of agents, ¥, v: G — BT, such that for each TU-game (N, V) € G,
>V =VIN).
i
An important kind of TU-games are the conver games, since they have a "good ¥

behavior, but before presenting them, we need some additional notation.

Hereinafter, given a TU-game (¥, V'), for each agent ¢ € N and each coalition
5 C N4, we call the marginal contribution of agent 7 to coalition 5, denoted
by AV (S), the amount which its adherence contributes to the value of the coalition,
which is

AV (S =V(5U {z}) — V(5]

A TU-game is convex if agents obtain more returns through cooperation, which
means that the larger the coalition that agents join, the larger their marginal

contribution. Formally: a TU-game (N, V) is convex if and only if, for all 7 € ¥,

AV () < AV(T) forall§ CT C N {1}

Next, we present, among all the TU game solutions in the economic literature, the

ones that occupy a prominent place: the Core, the Shapley value and the Nueleolus.

The Core (Gillies [19]) is the set of all feasible outcomes (payoffs) that no player

(agent) or group of players [coalition) can improve upon by acting for themselves.
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Thus, once an agreement in the core has been reached, no individual and no group

could gain by regrouping,.
Let (N, V) be a TU game, the Core of such a game, denoted by C{N, V), is

C(N, V) = {a: ERT Zﬂ:zi =V(N)L,Y 2 = V(S)¥S C N} .

1—1 e s

The Shapley wvolue (Shapley [48]) iz based on the agent’s expected payoff of
her marginal contribution to a coalition. Suppose the agents (the elements of
) agree to meet at a specified place and time Naturally, because of a random
Huctuations, all arrive at different times; it is assumed, however, that all orders
of arrival (permutations of the players) have the same probability (1/n!). Suppose
that if a player, ¢, arrives and finds the members of the coalition 5 — {4} already
there, he receives the amount V(5) — V(5 — {z}), i.e., the marginal amount which
he contributes to the coalition, as payoff. Then, the Shapley value is the expected

payoif to player ¢ under this randomization scheme. Formally:

Let (N, V) be a TU game, the Shapley value, Sh.(N, V), is for an agent 7 the

expected payoff of her marginal contribution to a coalition:

Shi(N, V) = Lscy L e o) [1(8) — V(S — {3})].

where s and n are the cardinalities of 5 and IV, respectively.

The Nucleofus (Schmeidler [45]) minimizes the grade of insatisfaction that a
coalition gives to their members, given a particular set of payoff vectors, named

excess vector, Formally:
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For a TU-game (¥, V) and payoff £ = (%, ..., T, ), we define the 2" —vector 6(z),
called the excess vector, as the vector whose components are the excesses of 2™

subsets 5 C NV, arranged in decreasing order, L.e.,

Brlz) = e[Sk, z),
where 51, ..., 9~ are the subsets of N, arranged by
E(Sr&r Z:l :_? E(Srk+1r$jr

where for all § C N and = (z1,..., 7a), e[Sk, z) = V(Sk) — X ics, T

Let (N, V) be a TU game, the Nucleolus, Nu(N,V), is

NulN,V) ={z € I[N, V] : 0(z) <. Oy), ¥y € I[(N,V)},
where Le denctes the Lexicographic order:

Blz) <, Bly) == Tk {B.(z) = 0, (v),Ym < k,Be(z) < Bely)}.

At this point, let us introduce the bankruptcy game proposed by O'Neill. His
device wag to associate to each coalition the quantity of good, if any, that remained
left after paying the debts that the bankrupted contracted with all her creditors

outside this coalition. Formally:

Given (E,c) € B, the (’Neill cooperative game induced by (E, ) is the pair
(N, V%)) where the funchion Vg 2% — R, associafes fo each coalition S C N,
the real number

Vigg(S) = max {D,E - Z s } .
=g

This game has been analyzed by Curiel et al. [13], who, firstly, note some "links”

between the Axiomatic and the Cooperative Game Approaches to bankruptcy
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problems. In this sense, they provide the condition for the correspondence between
bankruptcy rules and TU wvalues of the O'Neill's game, known as Invariance nder
Cloams Truncafion. It requires that a rule recommends the same allocation if the

part of a claim that is ahove the estate & ignored, or not. Formally:

Theorem (Curiel ef al., 1987) A necessary and sufficient condition for a

bankruptey rule w fo be o T value 15

o[£, c) = pl(f.c),
where the i-th component of ¢, the vector of fruncafed claims, is

(B, c) =min{a, F}

They also identify the Core of such games,

C(N Vizag) = {E ER™: Y z,=V(N),0< g < cg} ,

—1

and show that these bankruptcy games are always convesz.

Regarding to this, the following results show the correspondence among rules

and TU game solutions,

Theorem (O’Neill, 1982) The Random Arrival rule! corresponds usth the

Shapley value.

Theorem {Auvmann and Maschier, 1985) The Talmud rule corresponds weth the

Nuerleafus.

Theorem (Dutta and Ray, 1988) The Construined Equoal Awarnds rufe

corresponds with the Egalifarian Allocation?.

VSee O'Neill [48] for a formal definition of this value.
?8ee Dutta and Ray [17] for a formal definition of this value.
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Theorem (Curiel ef al., 1987) The Adjusted Proportional rule* corresponds with

the f-value?.

38ee Curiel et al. [13] for a formal definition of this rule.
18ee Tijs /55, 6] for a formal definition of this value.
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CHAPTER 1

THE MODEL: LORENZ-BIFOCAL BANKRUPTCY PROBLEMS.

As Moulin [38] points out,

"Justice 15 biind, and foirness requires anonymous rules of arbifrafion.
Eguals should be freated equally, and unegquals, unequally, m proporfion
to the relevant ssmilambies and differences” (Nicomachean Ethics). This
Aristofle's mamm 15 one of the basis for the formal definifion of disfri-

bufive foarness”.

In this regard, in bankruptcy problems there is no clear answer to the question
about what would be a fair way of dividing the resources among the claimants.
Economic Theory attempts to clarify the fairness criterion behind rules by seeking
the agreement on appealing properties or requirements which should be fulfilled by
the acceptable allocation (see for instance, O'Neill [42], Dutta and Ray [17], Young
[63, 84], and Gura and Maschler, [20]).

Henceforth, we can draw that when a society has to solve a bankruptey problem,
it may be guite natural that it establishes a "Clommonly Accepfed Equity Principles ¥
set on the allowed rules, trying to find the commitment and the fairest distribution.
Moreowver, note that this idea of establishing restrictions on the possible allocations
has been prospected deeply in the context of Nash’s bargaining model (see for
instance, van Damme’s [38], Chun [§], Marco et al. [31], Naeve-Steinweg [39], and

Thomson [33]).
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However, as Young [63] highlights:

"Fairness does not boil doum fo a single formula, but represents o balance

befween competing principle of need, desert and social whlity "

Note that he iz telling us that when a rule has to be proposed to distribute the
resource, society should not only care about the individual awards but also about
the social benefits, ie., each agent concerns for individual and social welfare. In this
regard, as we have mentioned in Section 0.3 of Preliminaries, many authors have
considered that the general social goal is to treat everybody as evenly as possible
(see for instance Arin [4] and Dutta and Ray [17]). At this point, and following
Cowell [12] and Lambert [26], among all the equality criterla that appear in the
literature on egalitarianism, we decide to consider ag general goal equality in terms
of the Lomenz-eriferion, 1e., an allocation iz more equally distributed than another,

if the former forenz dorenafes the latter.

In this work, we pick up all these ideas to introduce extended bankruptcy pro-

blems, named Lomnz Bifocal Bankruptey Problems.

Firstly, we consider a "Commonly Accepfed Equity FPrinciples” set, F,, which

must be fulfilled by all the proposed rules for bankruptcy problems.

Secondly, the discrepancy for sharing the resources ie considered by means of the
existence of two fixed rules, that is, two focus which gather the two most egalitarian
rules according to extreme and opposite ways of facing bankruptcy problems: awards

and losses (Section 0.1 of Preliminaries).
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We call these two focus Lorenz-Focal rules, which are the Lorenz-Goins
and Lorenzfosses Muozimal rules satisfying F,, denoted by LGM T and LLM A,

respectively.

Finally, a forenz-Bifocal Bankruptey Froblem is the triplet consisting of a
bankruptcy problem and the two Lorenz-Focal rules according to a fixed

"Legitimate Principles” set, F,. Formally:

Definition 3 A Lorenz-Bifocal Bankruptcy Problem, LB, is a tnplet LBg, =
= (B, LGM", LLM") where B= (E,c) € B, F, 15 a fized set of principles on which
a particvlar society has agreed, and both LGM*™ and LLM® are the Lorenz-Gains

and Lorenz-Losses Maozimal rules satisfyeng Fy for each B € B, respectively.

Let P be the set of all subsets of properties of rules. Fach F, € F represents a
specific society which will always apply such principles for solving its problems, and

LBy denotes the set of all Lorenz Bifocal Bankrupfey Problems.

Now, the question is

How can we distribufe the resources for ench Lorenz-Bifocal Bankruptey Problem?

It we think in a "natural® manner, the answer arise as follows. If a society
faces a bankruptcy problem with two focal rules which are interpreted as acceptable
extremes and opposite viewpoints to solve the problem, it seems logical to consider
ag Admassible rules those ones satisfying the set of reguired principles that assign,

to each agent, an allocation between the focus.



42 1. The model: Lorenz-Bifocal Bankruptcy Problems.

So that, a Lorenz-Bifocal Admissible rufe will be a rule satisfying F, which re-

commends an allocation between the two Lorenz- Foend rules. Formally:

Definition 4 A Lorenz-Bifocal Admaisaible rule on LBy s a funclfion

p: LBe — BT, such that for each Lorenz-Bifocal bankruptey problem LEBg € LBp,

w15 o rule satisfying Fy, associafing for each 1 € N a part of the resoures safisfing
EEI‘IH{LGM;% I:Ea C) :-LLM-iPE {Er Cj} 5 19y (Er C)

< max{LGM[ (B, ¢}, LLM] (E, &)}

Let @ denote the set of all rules and let ®(LEBg, ) be the subset of Lorenz-Bifocal

Admissible rules in F.

In thiz context, we consider three possible choices of "Commonly Accepted
Equity Principles” set that a soclety could impose on the rules, taking into account
that the introduced properties have been understood by many authors ag minimal
requirements of fairness (see for instance Thomson [52]). Specifically, we consider

the fo-llowing “Legqufznale Principles” sets,

Py, ={Efficiency, Claim-boundedness and Non-Negativity },

Fy = P\U{Resource Monotoniesty, Super-Modularity and Midpoint Property},
and

Py = PU{Resource Monotonicity and Midpoint Property}.
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Given these sets of equity principles, Schummer and Thomson [47] showed
that the Constramned Egual Awards rule is the only Lovenz- (Famms Mozvnal for P
Moreover, by Bosmans and Lauwers [6] we know that Pindles’ rule is the only Lorena-
(7ains Mazimal rule for Ps. Finally, Chun, Schummer and Thomeson [8] obtained that
the Constrained Egalifarian rule is the only Lorens Gains Mazimal rule for P, Next,

all these results are presenting;

Theorem (Schummer and Thomson, 1987) For each (E,c) £ B, the Constrained
Equal Awards rule is the only one in ©(F1) such that: (1) the gap between the smallest
and the largest amount any claimant receives is the smallest, and (ii) the variance

of the amounts received by all claimants is the smallest.

Theorem (Bosmans and Lavwers, 2007) For each (E,c) € B, FPiules’ rule is
the only one in @(F;) such that: (i) the gap between the smallest and the largest
amount any claimant receives is the smallest, and (ii) the variance of the amounts

received by all claimants i= the smallest.

Theorem [(Chun, Schummer and Thomson, 2001) For each (E,c) € B, Piniles’
rule is the only one in ®{F;) such that: (i) the gap between the smallest and the
largest amount any claimant receives is the smallest, and (ii) the variance of the

amounts received by all claimants is the smallest.

Starting from these results and using the concept of dual bankruptcy rule, it can
be deduced directly that Consfrained Equal Losses, the Dual of the Piniles’ and the
Dual Constrained Eqalifarion rules are the only Lorenz Losses Mazimal for Py, Fs,

and Fz, respectively.
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Hence, the Lorenz-Focal rules that mark out the region of Lorenz-Bifocal
Admassible rules for Py, Py, and Fa, are the pairs (CEA,CFEL), [Pin, DPin), and
(CE, DCE), respectively. So, Lorenz-Bifocal Bankruptcy Problems for each of these
principles sets are well-defined, being their elements triplets, such that, for each

(E,c) e B,

LBy = ((E,c),CEA CEL),
LBg, = ((E,¢), Pin, D Pin),and
LBp = ((E,c),CE, DOE).

In this context, the following figures show the area of the associated Lorenz-

Bifoeal Admassible rules for Py, Fy and Fs.

In Figure 1.1 the blue and the green lines represent the two Lorenz- Foeal rules for
Fy, corresponding with the ¢ FA and EL rules, respectively. Any Lorenz-Bifocal

Admuassible rule in this set, must satisfy 5, and be placed in the green area.

e .clj

L]

Figure 1.1 Lorenz-Bifocal Admissible rules for Fi.
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Figure 1.2 shows the two Leorenz-foeal rules for F, represented by the blue
and the green lines, which correspond with Pin and DFin rules, respectively. Any
Lorenz- Bifocal Admissible rufe in this set, must satisfy F; and be placed in the green

ared.
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cilf=m===—
1

oo W2

ol S L L L L L LT T

[} T

Figure 1.2: Lorenz-Bifocal Admissible rules for Fo.

Finally, in Figures 1.3 and 1.4 the blue and the green lines represent the two
Lorenz Foeal rules for P, corresponding with the & F and DOE rules, respectively.
The first figure when the relation between agent 1 and 2 when the distance between
their claims iz lower than the smallest agent’s claim. The second figure otherwise.
Any Lorenz- Bifocal Admissible rule in this set, must satisfy &2 and be placed in the

ZrEerl areq.
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LN

Figure 1.3: Lorenz-Bifocal Admissible rules for Fy [case o).

Figure 1.4: Lorenz-Bifocal Admissible rules for Py {case b).
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_CHAFPTER 2

A NEW AFFROACH FOR BOUNDING AWARDS,

21 Introducticn.

As we have already mentioned (see Section 0.2 of Preliminaries), many authors
have introduced certain lower bounds on awards in bankruptey problems: O'Neill
[42], Herrero and Villar [23, 24], Moulin [37], Moreno-Ternero and Villar [33] and
Dominguez [15]. However, most of these guarantees have only been justified by their
own ressonability. A clear exception is the condition Respeet of Minimal Rights,
which requires that each claimant receives at least what is left of the endowment
after the other claimante have been fully compensated, or zero if this amount is
negative. This property is not only intrinsically appealing, but also, ag Thomson [52]
pointed out, it iz a conseguence of efficiency, non-negativity and claim-boundedness

together (See Definition 2).

Our goal is to propose a new method by which the idea of lower bound on awards
arises not "ad hoc” but, in a natural way, in the context of Lorenz-Bifocal Bankruptey
FPrablems. In other words, we recover the O’Neill’s line, establishing restrictions on
awards which determine the Lorenz-Bifocal Admissible rules for each Lorenz-Bifocal
Bankruptey Problem. Then, we define the agent’s Lorenz P-Safefy as the smallest
amount she receives among all the allowed rules. Finally, we define the associated
lower bound on awards, Respect of Lorenz P-Safety, by demanding that each agent

should receive at least her Lorenz P-Safefy.
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Since, in general, the aggregate guaranteed amount by means of the Lorenz
FP-Safety will not exhaust the endowment, we propose and analyze its recursive
application, called the Recursive Lorenz P-Safefy Process. The idea of recursivity
is not new, and indeed has already been used for introducing bankruptcy rules
by Alcalde et al. [1], who generalize Ibn Ezra's proposal, and by Dominguez and
Thomson [18], who propose the Recursive rule by using Moreno-Ternero and Villar'’s

concept of boundedness.

We apply the previous methodology to the three different sets of properties or
"Legitimate Principles " previously introduced. Firstly, we analyze the set F, all rules
are allowed, finding that the Recursive Lorenz P-Safefy rule leads to the Constrained
Egual Losses rule. We then consider the set Ps, consisting of Resource Monaofanicify,
Super-Modulority and Midpommt Property. In this society, we show that the Recursive

Lorenz P-Safefy rule leads to the Dual of Piniles’ rule.

Previous results could be written as follows:

“In the set of all the acceptable rules according to both Py and Fa, the recursive
application of the Lorenz P-Safety recovers one of ifs ezfremes:

the one prowiding greater awards fo the higher claimants ¥

Then, analyzing the generalization of thie statement for any Fi, naturally arises
as a question. With this aim, we consider the set of socially accepted requirements,
Pz, Surprisingly, since Fy C 2 C F, we show both that this generalization is
not possible and that the rule obtained by the recursive application of the Lorenz
P-Safety does not satisfy all of the equity principles on which this process is baged.

The chapter is organized as follows: Section 2.2 proposes our new approach for

bounding awards and its recursive application. Section 2.3 provides a new basiz to
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clagsical bankruptcy rules using the previocus ideas, Section 2.4 shows a non existence
result of the proposed process for the set F;. Section 2.5 presents the dual results.

Section 2.6 summarizes the conclusions. Finally, technical proofs are contained in

Appendix A.

22 The model.

In this section, taking Lovenz-Bifoeal Bankrupiey Problems as a starting point, we
propose a new lower bound on awards based on the application of the ordinary
meaning of a guarantee, named the forenz P-Safefy. For each Lorenz-Bifocal
Buankruptey Problem, it provides each agent the smallest amount recommended for
her by all the Lorenz-Bifocal Admissible rules satisfying the selected properties.
Taking into account that each Lorenz Bifocal Admissible rule has to recommend an
allocation between the two Lomenz-Focal rules, our lower bound ensures each agent

the minimum amount between them. Formally:

Definition 5 GFiven LBp, € LBp, the Lorenz P-Safety, Ls, is for cach i € IV,
Ls;(LBg) = min { LGM[* (E,c), LLM[* (E,c)} .

In general, since the sum of the agents’ Lomenz P-Safeties of a problem does
not exhaust the endowment, a reguirement of composition from the profile of these
bounds arises in a natural way: the awards vector should be equivalently obtainable
gither directly or by first assigning to each agent her Lorenz P-Safefy, adjusting
claims down by these amounts, and finally, applying the rule to divide the remainder.

The following definition applies this idea.

Definition 6 Fiven LBg € LBp, o rule © satisfies Lorenz P-Safety First if for
each (E,c) € B and eachi € N,

@i (E,c) = La{LBg) + 0,(E — > Lsi{LBg),c — Ls{LBg]).

T
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This kind of composition, or equivalently applying a recursive method from a
lower bound on awards, has been used to generate new rules. The Recursive rule,
proposed by Dominguez and Thomson [16], is the result of applying this procedure
with the Securement lower bound. Following this idea, we define the recursive
application of our Lorenz P-Safefy, which will be called the Recursive Lorenz FP-

Safety Process.

Definition 7 For each m € N, the Recursive Lorenz P-Safety Process af the

m-th step, RLS, associates for each LBg, € LBp, and eachi € IV,

[RLS(LBE)]. = Ls:i(LBE),

where LEE = ((E™, ™), LGM %, LLM 7Y,

(Elcl) = (E,c) and for m > 2,

(E™,c™) = (E™ ! — %Lsi(LBL’: Y, o '~ Ls(LBE 1)),
ic

According to this process, at the first step an agent will receive her Lorenz P-
Safety of the original problem. We then define a residual problem in which the
endowment is what remains and the claims are adjusted down by the amounts just
given. All agents then receives her Lorenz P-Safefy of this residual problem, and so
on. In general, it can not be ensured that the sum of the amounts that agents receive
in each step exhausts the endowment, but when this occurs, we call this sum the
Recursive Lorenz P-Safefy rule. In this regard, note that non-negativity and claim
boundedness are satisfied by construction. Furthermore, by adapting the proof of
Remark 3 in Appendix A, it is clear that whenever the Lovenz P-Safety provides a
positive amount to some agent in each step, efficiency is met. In this regard, note
that the recursive application of the Minemal Righfs fails this requirement, since
from the second step on, no agent receives anything, The result of combining this

procedure with the aforementioned bound, therefore, would not be a rule.
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Definition 8 The Recursive Lorenz P-Safety rule, ©t, associates for each

LB € LBp, and each1 € N, " (LBg) = i [RLS™(LEg),, whenever
m—1
(S mes e ) - =
e M m—1

Note that this rule will be a Lorenz-Bifocal Admassible rule whenever it fulfills
the set of equity principles on which the Recursive Lorenz P-Safefy Process 1s based.

A fact that, as we will see later, cannot always be guaranteed.

At this point we should mention some contributions that have certain features in
common with our previous approach, although in the context of Nash's bargaining
model, In this sense, a bargaining game is a pair ((},d), where the feasible set,
) < R", consists of all utility vectors attainable by the group N by unanimous
agreement, and the disagreement point, d, which is a point of (}, is the utility vector
that results if they fail to reach an agreement. In this regard, a bargaining solution is
a function defined on a class of bargaining games that associates with each game in
the class a unigue point in the feasible set of the game. In this context, Marco et al.
[31] define the Cnanimous- Concession mechanism, as follows. At a first step, their
process guarantees to each agent the smallest amount according to a set of agreed
solutions, which would be the disagreement point at the following step, and =o on.
Thomson [53] discusses an approach where, starting from a class of solutions on
which agents have agreed, all the feasible payoff vectors that are not chosen by some
members are eliminated and the solutions are reapplied until convergence is reached.
He introduces and studies the concept of Closedness Under Recursion of a family
of solutions, which means that the solution obtained is not only well-defined but
also belongs to the family of solutions considered. This idea, although in a different
framework, is close to our definition of Admissible rule, but the process he uses has

no relation to ours.
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2.3 The Recursive Application of the Lorenz P-Safety for P, and P,

In this section, we provide the Recursive Lorenz P-Safefy rule when the “Commondy

Aecepted Egquity Prineiples” sets are F) and Fy.

As we have seen, for Py ={Effictency, Clarm-boundedness and Non-Negativtfy},
we are not requiring any additional property different from those imposed by the
definition of a rule. Thus, the forenz-Focal rules will be the Loremz-Fains and
Lovenz-Losses Mazimal elements in the set of all bankruptey rules, which, as we
know by Schummer and Thomson [47], are given by the pair (CEA, CEL). So that,
the associated Lorenz-Bifocal Bankruptcy Problem &, LBg = ((F,c),CEA,CEL),
where (E,e) € B, and the Lorenz-Bifocal Admissible rules are those rules such that
for each i € N, and each (E,¢) € B, min{CEA(E,c), CEL;(E, )} < pfP (E,¢) <
< max{CFEA,[E, c),CEL(E,c)}.

Then, for each Lorenz-Bifocal Bankruptey Problem LBp = ((E,c) ,CEA CEL),
its associated Lorenz P-Safefy, Ls, comes straightforwardly from our previous defi-

nition, that is, for each agent ¢ € ¥, Ls;(LBp ) = min {CEA(E,e), CEL(E,c)}.

This Lorenz P-Safefy is represented, for the bi-personal cage, in Figure 2.1, The
black line represents the estate E. The blue and the green lines show CFEA and CEL
rules, which are the two Lorens Foen! rufes marking out the area of all the Lorenz-
Bifocal Admissible rules for Py, Woreover, given E, the point Ls shows the Lorenz

P-Safety for agents 1 and 2.

Az we can see, the smallest amount that agent 1 can receive iz the one
recommended by the CEL rule. For agent 2, her Lorenz P-Safefy is the amount

recommended by ¢EA rule.
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el o ____ e el

L L L

Figure 2.1. Lorenz P-Safefy for Fy.

Next theorem tells us that the Recursiwe Lorenz P-Safefy rule for M recovers

one of the two extreme rules; specifically, the one which favors the highest claimant.

Theorem 1 Ffor each LBp, € LBp, LB = ((E,c),CEA,CEL), the Recursive

Lorenz P-Safety rule is the Constrained Equal Losses rule, Y (LEBg ) =CEL(E,e).

Proof. See Sections A 1 and A2, in Appendix A. m

Note that previous result can be generalized as follows. Let P} such that, P C
C P! and such that the properties for P/ F; are satisfied by both the Constrained
Equal Awards and the Constramed Equal Losses rules. Then, for each LBe £ LB,

the Lorenz P-Safefy will remain the smallest amount recommended by the same
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Lorenz-Focal rufes. And, consequently, the Recuwrsive Lorenz P-Safefy rule will be

the Constrained Equal Losses rule, (LB g ) =CEL(E o),

In this regard, note that, as we comment in Chapter 6, if we add to this set of
equity principles the properties Order Preservafion and Resource Monofonicity, we

will obtain the same results, so that, they are redundant in our context.

Next, we analyze the application of our process to the set F which, in addition to
claim-boundedness, non-negativity and efficieney, contains Resource Monofonzeity,

Super-Modulority and Midpoint Properfy.

In this set, we know, by Bosmans and Lauwers [6] and duality, that the two
Lorenz- Foeal mules that mark out the region of Lorenz-Bifocal Admissible rules for Py
are given by the pair (FPin, D Pin). Sothat, the associated Lorenz-Bifocal Bankruptey
Prablem is, LBgp, = ((E,c), Pin, DPin), where (E,c) € B; and the Lorenz-Bifocal
Admissible rules are those rules satisfying the accorded properties and such for
each 1 € N, and each (E,c) € B, min{Pin,(E, ), DPiny(E, )} < o (E,c) <

= maX{Pim (E,c), DPing(E, cj}

Henceforth, applying Definition 5, for each Lorenz-Bifocal Bankrupicy Problem
LBg, = ((E,c), Pin, DFin), its associated Lorenz P-Safety, Ls, for each agent,

tEN,is Ls;,(LBg,) = min{ Pin,(E,c), DPin,(E,e)} .

In Figure 2.2, which shows the previous situation for bi-personsal problems, the

black line the estate . The blue and the green lines show Pin and DPin, respectively,
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which are the two Lorenz-Focal rufes marking out the area of all the Lorenz-Bifocal

Admissible rules for 5.

Woreover, given £, the point Ls shows the Lorenz P-Safefy for agents 1 and

2, which coincide with the amount recommended by the DFin and FPin rules,

respectively.

e i

A e

Figure 2.2 Lorenz FP-5Safefy for Fs.

As previously, next result shows that the Reeursive Lorenz P-Safefy rule recovers,
again, the Lorenz-Foenl rule that favors the highest claimant. Analogously, this result
can he generalized considering any set, Ps, of “Egusfy preneiples ¥ which contains Fa
(P, C FY) and such that the properties for PY™ Py are satisfied by both the Piniles’

and the Dual of Fineles” rules. Then, for each LEp. € LBp, the Lorenz- Focal rules
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will remain the same. Hence, its associated Lorenz P-Safefy will not change and the

Recursive Lorenz P-Safety rule will be the Dual of Pinsles’ rule.

Theorem 2 For each LEp, & LBp, LEps = ((E,c),Pin, DPin), the Recursive

Lorenz P-Safety rule is the Dual of Piniles’ rule, o (LBp ) =DPin(E ).
Proof. See Sections Al and A.3, in Appendix A. &

To conclude this section, let us remark that, for the two sets of properties we
are considering, the associated Lorenz P-Safefy is defined as the minimum of both
a classical rule and its dual. These rules are extreme and opposite ways of sharing
awards among claimants in the corresponding set of allowed rules. The first intuition
when applying the recursive procedure is to get some allocation in the middle of these
rules. However, we have proved that the Recursive Lorenz P-Safefy rule leads to one
of the Lorenz-Foeal rules, namely that one favoring the largest claims. Our results
can therefore be interpreted ag providing a new basis for old rules. WMoreover, they

lead to a natural question, which is analyzed in the next section:

" For any appeahng set of equity principles, would ifs Lorenz P-Safefy recursive

applicafion recover one af the fwo Lorenz-Foecal rules? ¥

2.4 A negative result.

In this section we show that, in general, the recursive application of our new lower
bound on awards does not provide one of the Lorenz-Foeal rules satisfying the
considered set of equity principles. Surprisingly, the rule obtained by our procedure
does not always satisfy the properties on which it is based; that is, it is not a Lorenz-

Bifoecal Admissible rufe. Let us consider the set of equity principles Ps, which iz an
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"intermediate” situation between 7, and F,, since is more restrictive than 5, we
require Resource Monotonicity and Midpoint Properfy, but more permissive than

Fy, since we eliminate Super-Modularify.

Applying results in Chun, Schummer and Thomson [8] and duality, the two
extreme rules that mark out the region of allowed rules for F; are given by the
pair (CFE,DCE). So that, the associated Lorenz- Bifocal Bankruptcy Problem is,
LBg = ((E,c),CE,DCE), where (E,c) € B. The Lorenz- Focal rules are those
satisfying the accorded properties such that for each ¢ € N, and each (F,c) € B,

min{CE(F,¢), DCE(E, e)} < wf® (E,¢) < max{CE;(E,c), DCE(E,c)}.

Then, for each Lorenz-Bifocal Bankrupiey FPmwoblem with F, = Fi,
LEBe € LBy, LBg = ((E,e),CE,DCE), the Lorenz P-Safety, Ls, comes
straightforwardly from Definition 5, that is, for each agent, 1 € N, Ls;(LBg ) =

= min {CF;(E,c), DCE(E, )},

Figures 2.3 and 2.4 show this situation for bi-personal problems. In these figures,
the black solid line represents all the possible sharing of the estate E. The blue and
green lines show CF and DOCE, which are the two Lorenz-Foeal rules marking out
the area of all Lorenz-Bifocal Admissible rules for P, The point Ls shows the Lorenz
FP-Safety for agents 1 and 2, which coincides with the amount recommended by the

DCE and CF rules, respectively.

In this context, we show that, although for bi-personal problems the Recursive
Lorenz FP-Safety rule for F; retrieves the Dual Consfrained Egalifarian rule, this fact

can not be extended for the n-person case.
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,c

Figure 2.4: Lorenz P-Safety for Pz (case b).
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Theorem 3 For each bi-personal LBn € LBp, LBe. = ((E,c),CE,DCE),
the Recursive Lovenz P-Safefy rule s fhe Dual Constroined Egabiforan rule,

0"t (LBp,) =DCE(E, c).

Proof. See Sections A.1 and A4, in Appendix A. &

Proposition 1 There is a problem, (E,c) € B, for which the Recursive Lorenz F-
Safety rule for Fr does nof cowmncide unth the Dual Constroined Egoliforan rule,

W (LBe) #DCEE ¢,

Proof. See Sections A.1 and A5, in Appendix A. m

Our next propoeition highlights the fact that the compeoeition of "appealing”
equity principles and "natural® processes for finding solutions does not always
guarantee desirable results. In particular, we find that the society should be careful
when establishing its equity principles, if the recursive process is applied, since the

Recursive Lorenz P-Safety rule so obtained canncot be Lorensz Bifocal Admissible.

Proposition 2 For Pz, the Recursive Lorenz P-Safety rule does not satfisfy Resource

Monatonieity.

Proof. See Sections A 1 and A5, in Appendix A. &

Finally, next corollary comes from a complete overview of previous results, and
it points out the following fact: Our procedure’s success can not even be ensured
for a set of properties that is, at the same time, an enlargement and a reduction of

other sets for which this process is a Lorenz-Bifocal Admassible rule.

Proposition 3 fet F;, Fr and Fy in F, such that F; C Fr C F and such that for
each (E,c) € B, LBy, = (B,LGM®% LLM") and LBy, = (B, LGM”, LLM") in
LBe, o (LBg,) and o (LBg) are Lorenz-Bifocal Admissible rules. It cannot then

be ensured that p"“(LBg, ) is a Lorenz-Bifocal Admissible rule.
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2.5 Duality.

The previous analysis can be rewritten for losses by using the idea of duality. When
focusing on losses, the starting point will be the Dual Lorenz- Bifocal Bankruptey
Problems. That is, given Fy € P and (E, ¢) € B, we consider the set of dual properties
(P,)* and the problem of distributing the losses [, ¢).

Given a Lorenz-Bifocal Bankruptey Problem, LBg, the Dual Lorenz-Bifocal
Bankruptey Problem, denoted by (LBg)*, 1= a triplet [LBg)* =
= (B4, LGM A LEMP') where BY = (L,c) € B, P, is a fixed set of princi-
ples on which a particular society has agreed, and both LGMF and LLps(R)
are the Lorenz-Gams and Lorenz-Losses Mazimal rules zatisfying (Piji for each

B? £ B, respectively.

Note that, since all the considered properties of F, with ¢t = {1,2,3}, are Seff-
Dual we remain using the same sets of equity principles. So that, in this context, it
can be shown that the Consframed Egqual Awards and FPimiles’ rules are retrieved

for Py and P, respectively. However, we cannot obtain a generalized result for Fs.

Corollary 1 For each LBg, € LBp, (LBe ) = ({(L,c) ,CEA,CEL), the Recursive
Lorenz P-Safety rule is the Constrained Awards Losses rule, ot ((LBPL:I“{) =
=CEA(FE, ).

Corollary 2 For each LBg, € £Bp, (LBp)? = ([L,c), Pin, DPin) , the Recursive
Lorenz P-Safety rule is the Piniles’ rule, %t ({LB%)E{) =Pin(E, c).

Note that previous result can be generalized as follows.
Let F) such that, 4 C F! and such that the properties for P F; are
satishied by both the Constrained Equal Awards and the Constrained Equal

Losses rules. Then, for each LEBp £ LBp, the Lorenz P-Safety will remain the
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smallest amount recommended by the same Lorenz-Focal rules. Consequently, the
Recursive Lorenz P-Safefy rule on losses will be the Constrammed Fgqual Awards rule,
0 ((LBe)") =CEA(E, o).

Let FJ such that, F5 C FJ and such that the properties for P Fs are satisfied by
both Pinues’ and the Dual of Finales’ rules. Then, foreach LB g, € LB, the Lorenaz
F-Safety will remain the smallest amount recommended by the same Lorenz- Focal

rufes. Consequently, the Recursive Lorenz P-Safefy rule on losses will be Piniles’

rule, it ((LBP;}i) =Fin(E,c).

Corollary 3 For each bi-personal LBg, € LBp, (EBg)* = ((L,c),CE, DCE), the
Recursive Lorenz P-Safety rule 15 the Constrained Egalbitaran rule, ot (( LB p‘sjd) =

=CE(E, ).

Corollary 4 There is a problem, [E,c) £ B, for which the Recursive Lorenz

P-Safety rule for P; does nof coincide wunth the Constmined Egalifarion rule,
o™ ((LBa)*} #CE(E, o).

Finally, note that, in this context, we can treat this Lorensz P-Safefy on logses as
an upper bound. Particularly, in the following chapter, we interpret thiz bound as
the highest amount that each agent can receive according with all the Lorenz-Bifoeal

Admissibie rules for F.

28 Conclusions.

We hawve continued a research line that underlies theory of bankruptcy problems
from their very beginning: the search for a "fair® minimum amount that each agent
should receive in each situation. In this context, our main contribution 1= a new
method for bounding awards based on the Lorenz-Foenl rufes.

Our main results have been obtained by applying the methodology to different

sets of equity principles which have been interpreted as "basic” requirements
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by many authors. For two possible societies, permissive and restrictive, we have
retrieved, respectively, the Constrained Fqual Losses and the Dual of Pinales’ rules
when focusing on awards; and the Constrained Equal Awards and Pindles’ rules when
focusing on losses. Nevertheless, by considering a society whose “Commoniy Aceepied
Equity Principles” set ie included in the permissive society’s set and includes the
restrictive society 's set, we have shown that the Reeursive Lorenz P-Safety rule does
not satisfy one of the equity principles upon which such a society initially agreed to
found its decisions. Thus, the need for in-depth study of the consequences of social
agreements on both principles and procedure has been emphasized, as they could
become meaningless when combined.

To sum up, this chapter: (1) offers the understanding of old bankruptcy rules from
a new viewpoint; and (ii) warns of the difficulties that may be involved in composing

"a priori” appropriate pieces of a puzzle.
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CHAPTER 3

CONVEX COMBINATION OF BANKRUPTCY RULES: A JUSTIFICATION.

3.1 Introduction.

In this chapter we propose the simultaneous combination of both a lower and an
upper bound on awards when facing Lorenz-Bifocal Bankruptey Froblems. To do
this, note that, as we have pointed out, rationing problems can be interpreted from
a double viewpoint: awards and losses. With the former case we focus on the amount
of gains that we get. In this regard, we can find everyday situations where each
agent has guaranteed some amount of the endowment, such as, nowadays, most
of the governments have assured an amount of money deposited on the people’s
bank accounts. On the other hand, these problems can be faced bothering about
the quantity of incurred losses or, in other words, we concern on the highest level of
awards that we can obtained. For example, and returning to the previous illustration,

some governments have established an upper bound on the bank managers’ salaries.

It does not therefore seem unreasonable to think that each agent should receive
at least the smallest amount according to all the allowed rules which satisfy some
accorded principles, on the one hand, and on the other, no more than the highest

amount provided by all these rules.

Now, by using as starting point the Lorenz-Bifocal Bankrupley Problems, we
define the forenz Double Boundedness Recursive Process as the recursive double

imposition of a lower and an upper bound on aswards, and show that the rule so
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obtained coincides with the average of the Lorenz-Foeal rules. This result has two
consequences. Firstly, we provide a new justification of the convex combination of
two extreme and opposite ways of distributing the endowment. Secondly, we obtain
a new method which is invariant to the viewpoint (gains and losses) used to ration
the resources. Thie means that our new approach treats symmetrically the problem

of "what is available" and "what is missing”, 1.e., the rule so obtained is Self-Dual.

Finally, we specify these results to the three different sets of equity principles,

F, e € {P,Fs, Fz}, providing new basis for the average of old bankruptey rules.

The chapter is organized as follows: Section 3.2 proposes our new approach. The
main results and their application on the three sets of properties are provided in
Section 3.3. Section 3.4 summarizes our conclusions. Finally, Appendix B gathers

technical proofs.

3.2 The model.

In this section we define an upper bound on awards, named the Lorenz P-Ceiling,
as the highest amount that each agent could get according to the application
of the Lorenz Bifocal Admissible rufes satisfying the "Commonly Accepted Equity
FPrinciples” ie., our upper bound ensures that each agent’s awards are confined to

the maximum amount between the Lorenz-Focal rules for each B Formally:

Definition 8 Fiven LBy, € LBp, the Lorenz P-Ceiling, Lo, is for eachi € N,

Lo(LBg) = max {LGM (E,c) , LLM (E, o)} .

Note that, whenever the accorded properties are Seff-Dual, if we focussed on losses

instead of awards, an alternative way of understanding this limit would be ag a lower
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bound on losses (see Section 2.5 of previcus chapter), Le., for each (LEg ) € £LBp,
the Lorenz P-Cesling, for each ¢ € N, is the smallest loss incurred for each agent by

all the Lorenz-Bifocal Admassible rules in F,,

Le(LBg) = cy—min {LGM[ (L,c) , LLM[ (L,0)}

0. — Ls, ((LBPJ“E) |

Therefore, the Lorenz P-Safety and the Lovenz P-Ceiling are dual, a fact that
will be used later on.

Figures 3.1, 3.2, 3.3 and 3.4 represent the two bounds for bi-personal problems
with F, € { P, Fs, Pz}, respectively.

Particularly, the black line represents the estate (). The blue and the green
lines show the Lorensz- Foeal rules marking out the area of all the admissible paths of
awards satisfying the properties in F), 5, and Fs;. That iz, the green and the blue
solid lines are the ©FEL and the CFA rules for 7, the DFin and Fin rules for Fs,
and the DCE and the CF rules for P, respectively.

As we can =ee, for P, the agent 1’s Lorenz P-Safefy is given by the CEL rule,
and the Loremz F-Ceiling 1= given by the CEA rule. For agent 2 is the opposite, i.e.,
the &'EA rule is her Lorenz P-Safefy and the CFL rule is her the Lorenz P-Cleiling.

For F;, the agent 1’5 forenz P-Safefy is given by the DFin rule, and the Lorenz
FP-Ceihng is given by Pin rule. For agent 2 the JFin rule is her Lorenz P-Ceiling
and Pn rule is her Lorenz P-Safefy.

For F, the agent 1’5 Lorenz P-Safefy is given by the DOFE rule, and the Lorenz
FP-Ceilhng is given by the OF rule. For agent 2 the DCF rule is her Lorenz P-Cesling
and the CF rule is her Lorenz P-Safefy.
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Figure 3.2: Lorenz P-Safety and Lorenz P-Ceiling for Ps.
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Figure 3.4: Lorenz P-Safety and Lorenz P-Ceiling for Ps: [case b).
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As we have mentioned in the introduction of the current chapter, there are si-
tuations in which a society reaches an agreement on the properties which define the
way of rationing the endowment, and then decides that each agent should receive,
at lesst, a minimum amount, and, at most, a maximum amount according to all
the Lorenz-Bifocal Admassible rules. With these ideas in mind, we define the Lorenz
Double Boundedness Recursive Process as the procedure in which at each step, every

agent’s claim is truncated by her Lorenz P-Ceifing, and each of them receives her

Lovenz P-Safety.

Definition 10 Given m £ M, the Lorenz Double Boundedness Recursive

Process, LDEBR, associates for ench LBg € LBy and each @ € N,

[LDER(LBE)|. = Ls,{LEZ),

where LET = ({E™, ™), LGM 7 LLM7),
(E' ') = (E,c) and for m > 2,

Em=E™ '~ Y Ls(LBE ).

L=iy'}

¢ = Le,(LBE ') — Ls;(LBE ).

According to this process, an agent will get at the first step her Lorenz P-Safefy of
the original problem. At the second step, we redefine a residual problem, in which the
endowment consists of the remaining resources and each agent’s claim is truncated
by her Lorenz P-Ceiling, and then adjusted down by the amount received. Then
each agent receives her Lorenz P-Safefy of this residual problem, and so on. We can
easily see that this process is not always efficient, but when it does, we call it the

Lorenz Double Recursive rule. Formally:
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Definition 11 The Lorenz Double Recursive rule, w97, associates for each

3 @t

LBg € LBp and enchi € N, ot (LB = 5 [LDBR(LB}}:]]_ whenever
m—1

3y (i [LDBR(LBE)L) —E

e wm—l

Note that this rule will be a Lorenz-Bifocal Admissible rufe whenever it fulfills the
set of equity principles on which the Lorenz Double Boundedness Recursive Process

iz based. A fact that, as we will see later, cannot be always guaranteed.

3.3 Main results and applications.

This section presents a general result and its specification on the sets of equity
principles Fi, F» and Fs. Firstly, next theorem establishes that, whenever the
properties selected are Self- Dual, the final allocation provided by the Lorenz Double
Recursive mule will correspond with the average of the lower and upper bounds for
each Lorenz-Bifoeal Bankrupfey Problem, ie., the Lorenz P-Safefy and the Lorenz
F-Ceihing.

Theorem 4 For each LB, € LBp, such that P 15 Self-Dual, then for each1 € ¥,

otoA(1B ) = LB Il ER)

Proof. See Appendix B.1l. m

Therefore, the next result, which follows straightforwardly from Theorem 4,
shows that the Lovenz Double Recursive rule for F, can be defined as the average of

the associated Lorenz- Foenl rules.

Proposition 4 For each LEg, € LB, such that Py 15 Self-Dual, then

LGMA(E o)+ LLMP(E, )
P PR (LBg) = ; .




70 3. Convex combination of bankruptcy rules: A justification.

A direct consequence of the above proposition is that the Lorenz Double Recursive
rufe not only is always well defined, i.e. satisfies efficiency, non-negativity and claim-
boundednesg, but it also satisfies Seff-Dualify (Thomson and Yeh [54]), which means
that it provides the same allocation of the endowment when distributing awards or
losses.

Moreover, with this result we retrieve the convex combination of the two extreme
Lovenz-Foeal rules. Particularly, the Lorenz Double Reeursive rule proposes the
midpoint between the two rules which represent extreme and opposite ways of
sharing awards among claimants according to the imposed requirements. So, in other
words, it could be said that the rationing of the endowment obtained by the recursive
double imposition of the Lorenz P-Safefy and the Lorenz P-Celing neither favor nor

hurts to any agent in particular. Following Thomson and Yeh [54]:

"When fwo rules express opposife viewpoints on Aow fo solve g bankrupfoy

problem, if is naturml fo compromise befween them by averaging”.

Concluding this section, we specify the previous result for the three different sets
of equity principles mentioned previously.

From Chapter 2 we know that with F, € {P), Ps, P2}, the Lovenz-Focal rules
which delimit the region of Lorenz- Bifocal Admissible rules are well defined. We
hawe also obtained the Lomens P-Safefy for each of these sets of equity principles, as
well as the Lorenz P-Cedling, by duality. It is therefore a straightforward process of

applying Theorem 4 in order to obtain the following results.

Corollary 5 For each LBp & LBp, LRs = [[F,c),0FEACEL), the Lorenz
Double Recursive rule s the averge of the Constramed Egual Awards and fhe

Constrammed Equal Losses rules.
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Corollary 6 For each LBy, € LBp, LBy, = ((E,c),Pin, DPin), the Lorenz

Double Recurswve rule 1s the avernge of Piales’ and the Dual of Pinales’ rules.

Corollary 7 For each LB, € LBy, LBr = ((E,c),CE,DCE), the Lorenz
Double Recursive rule is the average of the Constrained Egalifarian and the

Dual Constrained Egalitarian rules.

Note that these corollaries imply that the allocation proposed by our new
procedure iz Lorenz-Bifocal Admissible for Fy £ {P1,P2,P3}, since, the Lforenz
Double Reewrsive rule preserves Resource Monatonicity, Super-Moduforty and the

Madpoint property.

However, the fLorenz Double Recursive ruwle fails some properties such that
Composition Down (Moulin [36]), Composition Up [Young [65]), and Consistency
(Young [65]), even when the two Lorenz- Focal rules fulfill them. It is thus not possible
to ensure that the final allocation is Lorenz- Bifocal Admessible when the Lormenz P-
Safety and the Lorenz P-Cleifing are used recursively at the same time. For example,
it can be observed that if the property of Consisteney is added to the set Py |, the two
Lorenz- Foeal rules are still the Constramned Egual Awards and the Constroined Equal
Losses rules, but the average of these Loren: Admissible rules does not satisfy one
of the initial properties. The natural question to pose, therefore, is * Would ¢ sociefy
have any argument fo apply this new rule? " It could, because although a society may
also have reasoms for not agreeing to apply the result of the Lorenz Double Recursive
rule, ag it may fail some properties, this way of distributing the endcwment has been
defended by many authors ag a natural way to agree on a "middle” allocation between
two extreme ways of rationing (see for instance Thomson and Yeh [54]). Another
reagon to use this method is that we know exactly the result of the procedure and

the properties which are satisfied by the final allocation.
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3.4 Conclusions.

This chapter defines a new method for distributing the endowment, using the idea
of recursively guaranteeing ‘fair’ minimum and maximum amounts to each agent in
bankruptcy problems, known ag the Lorenz Double Recursive rule. In this context,
our main result states that the Lorenz Double Recursive rule corresponds with the
average of the two extreme Lorenz-Foeal rufes, implying that our new rule iz always
well defined and retrieves an allocation which coincides with the midpoint between
the rule that favours the highest claimant and the rule that favours the lowest agent,
Le., new justifications are obtained for the convex combination of rules.

Finally, this procedure relates specifically to certain proposed equity principles
sets that many authors have interpreted as ‘hasic’ reguirements, recovering the
average of old and well-known rules. We hawe also shown that our process does

not guarantee that the final allocation will be admissible.
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CHAPTER 4

STRATEGIC JUSTIFICATIONS FOR OLD BANKRUPTCY RULES.

41 Introduction.

In this chapter we analyze Lorenz-Bifocal Bankrupiey FProblems from a non-
cooperative viewpoint, by using the rmunishing Clmms and the Unanamous
Concessions mechanisms proposed by Chun [8] and Herrero [21], respectively. The
starting point of both procedures is the bargaining model introduced by van Damme
[58], who prospects Nash equilibria of a non-cooperative game. Particularly, he
defines a mechaniem of successive concessions, where agents’ strategies consist of
the choice of a rule among a reasonable set of them. From van Damme's work, other
mechanisms for bargaining and bankruptcy have been proposed (see for instance
Naeve-Steinweg [39]). On the one hand, Chun [8] proposes the Diminishing Claims
procedure, in which each agent’s claim is truncated by the maximal amount among
all the reasonable rules. On the other hand, Herrero [21] modifies the Unanimous
Concessions mechanism, provided by Marco et al. [31] (introduced in Chapter 2)
ensuring to each agent the minimal amount that all the proposed rules concede to
her.

Following this line, and more recently, Garcfa-Jurado et al. [18] propose an
elementary game where each agent’s strategy belongs to a determined closed space
of possible choices. With this game, they show that any acceptable rule can be
obtained as the unique allocation of the corresponding WNash equilibria depending

on ite associated closed interval of strategies. Finally, Herrero et al. [22] provide an
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experimental strategic support to the Proporfional rule, showing that this one is the

choice of most of the players.

Next, we apply this methodology in the framework of the Lorenz-Bifocal
Bankruptey Problems and analyze its application on the three sets of equity
principles, F,, Fp and Fz, introduced previously, Firstly, we start with the prospection
of the Una-nimous Concessions mechanism. In this cage, Herrero [21] finds out that
in any Nash equilibrium induced by such a game, the Constrained Egqual Leosses
rule is recommended for Fj, and we prove that the Dual of Pinides’ rule is the one
recommended for Fs. WMoreover, when using Fs, we show that the applications of
this procedure does not always provide desirable distributions. Secondly, applying
duality, the Constramed Equa! Awards rule is recovered (Chun [8]) in any Nash
equilibrium induced by the Déminishing Claims procedure for P, Moreover, we
obtain that, for Py, Pimeles’ rule is retrieved. Finally, we define a new mechanism
consisting on the simultaneous application of both procedures, and we provide a non-
cooperative justification of the convex combination of two extreme and opposite ways

of distributing the endowment.

The chapter is organized as follows: Section 4.2 presents the Unanimous Conce-
sszons procedure and its associated results. Section 4.3 provides the results obtained
when applying the Diminishing Clasms procedure. Section 4.4 proposes and analyses
the simultaneous application of the previous mechanisms. Section 4.5 summarizes

our conclusions. Finally, Appendix C gathers technical proofs.

4.2 The Unanimous Concessions procedure.

In this section, we start defining the {manimous Concessions procedure (Marco et
al. [31]; Herrero [21]) which works as follows. Given that agents have chosen their

preferred admissible rules, if at the initial step there is no agreement, at the second
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step, each agent receives the minimal amount among all the proposed. Now, we
redefine the residual bankruptcy problem, in which the endowment is the leftover
resource, the claime are adjusted down by the amounts just given, and the same
procedure is applied. The solution will be the limit of the procedure if it is feasible,

and zero otherwise. Formally:

Definition 12 Unanwmous Concessions procedure, u, {Herrero, 2003).

Let LBp € LBp. At the first stage, each agent chooses a rule o € ®(LBg). Let
W = (1) be the profile of selected rules. The proposal of the Enanimous Concessions
procedure, u [, LBg,| is obtained as follows, for each m € N .

[Step 1] If all agents agree on w(LBg), thenu [, LBp| = w(LBg ). Otherwise,

g0 fo nerf step.

[Step 2] Let us define
Ls; (LBg,) = ming! (LBg,),
JEMN

o =e— Ls(LBp),
F*=F — Y Ls;(LBg), and

e
LB = ((Ez,czj LGMP LLM?Y
Now, of all agents agree on p(LB%), then w3, LBp] = Ls(LBg) + @ I:LBEP‘} :

Otherunse, go to nezt step.

[Step m + 1] Lef us define
Ls; (LBE} = ming! (LBE},
FEN
7 =™ — Ls (LBEY,
Ertl = g™ — 3 Ls, (LBE}, and
=T
LBE* = ((Em+), o)  LGMA  LEM ) |
Now, of all agents agree on I:LB;:H), then wly), LBg| = iLS I:LBE)—I—

k=1
+i (LBE*'} . Otherunse, go fo next step.
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[Limit case] Compute S Ls (LBEY} . If it converges to an aflocation, T, such that
£—1

Yoo < E,ulp, LBg| = z. Otherunse, u[th,LBg] =0,

L=y

From now on, let I'7 5 o denocte the game induced by the Unanimous Coneessions
procedure when agents acts strategically, in which the set of players is &, the
strategies for each agent are rules in ¢ (LB ) and the payoffs are the sum of the

amounts received by each agent in each step s € M. That is,

e, = {N,{ap" EQ(LBg)}_,, {iLs,; (LB’,‘;{}} } ,
=1 ;

i—1
where m denotes the step where the agreement is reached, and oo otherwise.

Next, we consider the " Commondy Aecepfed Equity Principles” sete P) and Fy
previously introduced, to apply this procedure:

F,, which does not require any additional property to those fulfilled by any rule,
that is, elnims boundedness, non negafiwity and efficiency.

Fy, which contains Resource Monotfonicify, Super-Modufarity and the Midpoint
FProperity.

As Herrero [21] points out, in all non-cooperative Nash equilibria induced
by fmammous Concessions procedure for F), each agent will receive the awards

recommended by the Constrained Equal Losses rule.

Theorem 5 (Herrero, 2003) In the game P the CEL rule is o weakly dominant
strategy for the agent unth the highest claim. In any Nash equalibrivm induced by the

game Iy g, each agent receives the amount given by the CEL rule.

Now, next propositions tell us that, when the set of equity principles is FPs, if

some agent announces the OFPin rule, then the Unansmous Concessions procedure
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converge to this rule. Moreover, the DFin rule is a weakly dominant strategy for
the agent with the highest claimant. Then, as a direct consequence of these two
results, we show that in all non-cooperative Nash equilibria, each agent will receive

the awards recommended by the 0P rule.

Proposition 5 For each LBg € LB, LBy, = ((E,e), Pin, DPin), and each
1 EN, if ¢'(E,e) € ®(LBp,), and for some j € N, p/(E,c) = DPin(E,c), then

u [, LBg| = DPin(E, ).
Proof. See Sections C.1 and C.2 in Appendix C. =

Proposition 6 In the game g, the DPin rule is o weakly dominant strateqy for

the agent unth the highest olaim.
Proof. See Sections C.1 and C.3 in Appendix C. ®

Theorem 6 In any Nash equilibrium induced by fhe game F"'ESPE, each agent receies

the amount given by the DFPm rule.
Proof. See Sections C.1 and C 4 in Appendix C. ®

Finally, it iz interesting to observe that in both cases P and Py, the sequence
defined by the Unanimous Concessions procedure converges to an efficient point,
and, moreover, it recovers one of the two Lorenz-Foeal rules, specifically, the one

which favors the highest claimants. So, again, as in Chapter 2 we can ask,

P Would the Unamimous Concessions procedure recover one of the furo Lorenz-Focal

rules for any appealing set of equity principles 7*
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421 A NEGATIVE RESULT.

In the next results we show that, in general, the Nagh equilibrium induced by
the application of the Unanimous Coneessions procedure does not provide one
of the Lorenz-Focal rules. Furthermore, the allocation proposed by it fails one
of “Commonly Accepted Equify Prineiples” on which the process is based. With
this purpose, we use the set of equity principles Fs, in which we eliminate Super-
Modulamity from Fa. That is, Fs asks for Resource Monotonicify and the Midpoint

Fraperty.

In this context, and for the bi-personal games, the following proposition tells
ug that if some agent announces the DCE rule, then the Cmanimous Conecessions

procedure converge to this rule.

Proposition 7 Ffor each LBp, € LBy, LBy, = ([E,c) ,CE, DCE), with |N| = 2,
and each i € {1,2}, if ¢*(E,c) € ®(LBg), and for some j € {1,2}, ¢/ (E,c) =
= DCE(E,c), thenu[3, LB ] = DCE(E c).

Proof. See Sections C.1 and C.5 in Appendix C. ®

Finally, we establish that for the bi-personal problems in Ps each agent receives
the awards recommended by the DCE rule in the Nash equilibrium induced by the

Unanimous Coneessions procedure,

Theorem 7 For each LBg, € LBp, LBy = ((E,c) ,CE,DCE), uith |[N| = 2, in
any Nash equilibrivm induced by the gome T} Bp, each agent receives the amount

muen by the DOE rufe.
Proof. See Sections C.1 and C6 in Appendix C. m

Nevertheless, the above results cannot be extended for more than two agents as

we show in the next theorems.
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Theorem & There is o problem, (F,c) € B, for which in a Nash equilibrium induced

by the game I'; g, » not all agents receive the amount given by the DUE rule.
Proof. See Sections C.1 and C.7 in Appendix C. B

Theorem 9 The Nash equilibrrum induced by fthe game F’igps does notf fulfill

Resource Monotoniety.

Proof. See Sections C.1 and C.7 in Appendix C. ®

4.3 The Diminishing Claims procedure.

As we have already mentioned, bankruptcy problems can be faced from two
viewpoints: gains an losses. By using this dual relation between swards and losses
(Aumann and Maschler [5]) and the fact that all the proposed properties are Seif-
Dual, the results of the previous section can be analyzed focusing on the maximum

awards that each agent can ensure, that is, the minimal losses incurred.

In this sense, the Diminishing Claims procedure [Chun [8]), denoted by d, says
that, given that agents have chosen their preferred rules, if at the initial step there
is no agreement, at the second step, we redefine the residual bankruptcy problem,
in which the endowment does not change, and each agent’s claim is truncated by
the maximal amount among all the proposed at step 1. Then, the procedure is again
applied until an agreement iz reached. If this i= not the case, the solution will be the

limit of the procedure if is feasible, and zero otherwise. Formally:

Definition 13 Diminishing Claims procedure, d, {Chun, 1689):
Let LEg € L£Bp. Af the first stage, ench agent chooses a rule ¢* € ®(LBg).
Leta) = (*) be the profile of selected rules. The proposal of the Diminishing Claims

procedure, d[f, LBg| is obtained as follows, for each m € M.
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[Step 1] If all agents agree on w(LBg), then d[3), LBg| = w (LB ). Otherwise,

go fo next step.

[Step 8] Let us define
Le; (LBg,) = maxy] (LBg),
FEM
¢ = Le(LBg,),
E:*=F, and
LB = ((F* c*), LGM*A LEM™T).
Nows, if all agents agree on (LE% ), then d[i), LBg] = p (LBEPE} . Otherunse, go

to nezt sfep.

[Step m + 1] Lef us define

Le,(LBR) = maxe] (LER),

o = Le(LERY,

Em+l = . and

LBEY = ((E™ o™y [ LGMP  LLM 7).

Now, if all agents agree on v (LBEH] , then d[3),LBp| = © I:LB’;:H} :

Ctherunse, go to nezt skep.

[Limif case] Compute éiﬂnfitp (LB'};{} If it conwverges fo an allocafion, ©, such that
Y.m = E,dy,LBg| = z. Otherwise, d[i), LBg] = 0.
=

Hereinafter, let ['§ Be, denote the game induced by the fhminishing Claims
procedure when agents acts strategically, in which the set of players is N, the
strategies for each agent are rules in ®(LBg ) and the payoffs are the amount

recommending to each agent by the accorded rule. That is,

Fiﬁpt = {N, {[Pi = @{LB"%)}:—'L ' {(p'-i (LBE}}?—l} :

where m denotes the step where the agreement is reached, and oo otherwise.
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It can be easily checked that the Dimuneshing Claims and the CUnandmous Conee-
sstons procedures are dual, since the maximum amount that each agent can receive
in the former mechanism can be interpreted as the minimal losses in which each agent

can incur applying the latter mechanism. That is, Le; [LEg ) = o; — Ls; ([LB;:?:I“’) :

In this sense, Chun [8] shows that in all non-cooperative Nash equilibria induced
by Deminishing Clazms procedure for Fp, each agent will receive the awards

recommended by the Consfroined Equal Awards rule.

Theorem 10 [Chun, 1988) In any Nash equilibrium induced by the game l"frfgpl,

each agent receives the amount given by the CEA rule.

Woreover, by duality, we can retrieve the Piniles’ rule in Py, and the Constrained
Egalifarian rule for the bi-personal problems but not for the general case in P, when

using the Diminishing Claims mechanism.

Corollary 8 In any Nash equilibrium induced by the game F}ESPB, ench agent

receives the amount given by FPin rule.

Corollary 9 For the bi-personal problems LEg, € LBp, LBp, = ((E,c) ,CE, DCE),

in any Nash equilibrium induced by the game I't B, each agent receives fhe amount

mven by the CF rule.

Corollary 10 There is o problem, (FE,c) € B, for which in o Nash equiltbrium

induced by the game F}ESPS; nof all agents receive the amount given by the UF rule.

4.4 The Double Concessions procedure.

In this section we define a new mechanism which combines the philosophy of the
Diminishing Claims (Chun [8]) and the Unanimous Concessions [Herrero [21])

procedures, using the fact that they are dual.
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This new method, named the Double Concessions procedure, says that given that
agents have chosen their preferred rules, if at the initial step there is no agreement, at
the second step, each agent receives the smallest amount among all the proposed at
step 1. Now, we redefine the residual bankruptey problem, in which the endowment
ie the leftover resources, and the claims are truncated by the maximum amount
recommended by all the suggested rules and adjusted down by the amounts just
given. Then, the procedure iz again applied until an agreement is reached. If this is
not the casze, the solution will be the limit of the procedure if iz feasible, and zero

otherwise Formally:

Definition 14 Double Concesstons procedure, du.

Let LBy € LBp. At the first stage, each agent chooses a rule @' € ®(LEg).
Let ) = (i0*) be the profile of selected rules. The proposal of the Double Concessions
procedure, du [, LBg,] is obtained as follows:

[Step 1] If all agents agree on p(LBg), then dup, LEg| = wLBg,. Otherwise,

g0 fo nert step.

[Step 8] Let us define
Ls; (LBg,) = ming! (LBg,),

jen Tt
Lei(LB) = map! (LBg),

JEM
& = Le(LBy,) — Ls(LBy),
E'=FE — Y Ls;(LBg), and

=

LBE = ((E?,c%), LGM™, LLM*?).
Now, if all agents agree on p(LBE), then dutp, LBg] = Ls[LEg) + ¢ (LBE).

Ctherunse, go to nezt skep.

[Step m + 1] Lef us define
Ls; (LBF) = ming] (LBT),

Le; (LBR} = maxe] (LBR),
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¢+ = Le(LBE} — Ls (LEZ},

Em+l = F™ — % Ls; (LBE}, and

LB = (Bt oty LGMA LIMA),

Now, if all agents agree on (LBEH), then dul), LBg] = ElLS I:LBEJ +

+ip I:LB};:H} . Otherunse, go fo nezt step.

[Limit case] Compute lim Y. Ls (LBE}. If if converges fo an allocation, =, such
m—pag

that Y.z, < E, dup, LBEg| = z. Otherunise, du [, LBg] = 0.
SR

From now on, let F?Spi denote the game induced by the Double Concessions
procedure when agents acts strategically, in which the set of players iz N and the
strategies for each agent are rules in ® (LB ) and the payoffs are the sum of the

amounts received by each agent in each step m & M. That iz,

rtu, - e eatesn)?, S at) L.
k=1 i—1
where m denotes the step where the agreement i= reached, and co otherwize.

Next theorem shows the main result when applying the Double Concessions

procedure in 5.

Theorem 11 In any Nash eguelibrium indueed by the game Ff‘gﬁ, such that B, is
Self-Dual, each agent recerves the amount gven by the average of the fwo Lorenz-

Foenl rules.

Proof. See Section C.8 in Appendix C. &

We know (Section 3.3, Chapter 3) the Lorenz P-Safety and the Lorenz P-Ceiling
for F, € {F, P, F:}. So next results are straightforwardly obtained by applying

Theorem 11.
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Corollary 11 In any Nosh equilibrivm indueced by the gome Ff"gpl, each agent
recesves the amount quven by the avernge of the Constroined Egual Awards and fhe

Constramned Equal Losses rules.

Corollary 12 In any Nash equilibrium indueed by fhe game F‘f—‘SPB, each agent

receives the amount given by the average of Findles” and the Dual of Piniles’ rules.

Corollary 13 In any Nash equilibrium induced by the game F‘f‘gpb, ench agent
recerves the amount qiven by fhe average of the Constrained Egalifarian and fhe

Dual Constrained Egalifarian rules.

As pointed out in Chapter 3, the convex combination of rules preserves Resource
Monotonicity, Super-Modularity and the Midpomt properties (Thomson and Yeh
[54]). Hence, as theses corollaries show, our new procedure provides Lorenz-Bifocal
Admissible rules for Fy € {P), P, Pz} , while applying independently the Dimenzshing

Claims and the Unanimous Coneessions they fall Resource Monotfonicity for Fa.

4.5 Conclusions.

In this chapter we have offered new basie for old bankruptcy rules from a new
angle. Specifically, we particularize the methodology of the Unanimouns Conecessions
procedure to different sets of "Commonly Accepted Equify Principles by a society.

On the one hand, we have obtained the OFin rule when applying the Unanimous
Concessions procedure for the set 5. However, this result cannot be generalized to
any set of equity principles F,, as we have shown for .

By using the ides of duality, the previous results can be analyzed from the
viewpoint of sharing losses, ie., we focus on the maximum awards that each agent
can ensure. In this case, Fmn rule is retrieved for F, when using the Dimmnishing

Ciazms mechanism.
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Finally, we have justified the average of rules by defining a new mechanism,
named the Double Conecessions procedure, combining the Demianashing Clapms and

the Unanimous Concessions procedures,
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CHAPTER 3

LorENZ-BIFOCAL BANKRUPTCY (GAME.

51 Introducticn.

This chapter provides a consideration of Lorenz- Bifoeal Bankrupfey Problems from
a Cooperative Game viewpoint. Firstly, these kinds of problems are modelled as
transferable utility cooperative games, known as Lorenz-Bifocal Bankruptcey Games,
by associating each coalition with the smallest quantity of the ‘good’ that such
a coalition would receive according to the two proposed allocations. A necessary
condition i then provided in order to ensure that a proposal is in the Chore of
these games: an amount belonging to the interval within the range of the two
extremes defined by the focal proposals should be recommended for each agent.
Furthermore, although these games are not convex in general, the Shapley value is
observed not only to be a Come selection, but also to coincide with the Nucleolus.
The recommendations made by these two solution concepts are also shown to be the
‘average of the two Lorensz- Focal rules’

The chapter is organized as follows. Section 5.2 formally introduces Lorenz-
Bifoeal Bankruptey Games, and provides the main characteristics. Section 5.3 applies
previous ideas to the three different sets of equity principles. Section 5.4 summarizes

our conclusions. Finally, Appendix D containe our technical proofs.



88 5. Lorenz-Bifocal Bankruptcy Game.

52 The model.

In this section we define a new type of games in coalitional form, named Lorenz-
Bifocal Bankruptey (Games, which are an appropriate interpretation of Lorenz Bifocal
Bankruptcy Problems in terms of TU-games. Specifically, following the line initiated
in Chapter 2, we define the game corresponding to these problems by associating to
each coalition the smallest guantity of the resource that it would receive according to
all the Lorenz-Bifocal Admissible rules. Thus, we maintain the pessimistic viewpoint
used by O'Neill [42] to introduce his bankruptcy game, assuming that each group of
agents think about their worst situation, i.e., the worst distribution of the endowment

for them according to the two Lorenz-Focal rules. Formally:

Definition 15 Given LBy € LBp, the corresponding Lovenz-Bifocal Bank-
ruptcy Game 15 the TU-game V557 which associates the real value V57 (@) = 0
and, for ench coalition 5, & # 5 C N,
V87 (§) = min {ZLGMf‘ (E.c), > LLM[ (E,cj} .
L= =)

In order to illustrate our model, we present the following example.

Example 1 Lef us consider the Lorenz- Bifocal Bankruptey FProblem LBg € LBp,
in which E = 90, LGMP(E,¢) = (30,30,30) and LLM7(E,e) = (20,30,40).
Then, the worth of each coalition is V57 ({1}) = min{30;20} = 20; V*8a({2}) =
= min{30;30} = 30; V4%~ ({{3}) = min{30,40} = 30; V5 ({1,2}) = min{30 +
+30;20 + 30} = 50; V552 ({1,3}) = min{30 + 30,20 + 40} = 60; V58 ({2,3}) =
= min{30 + 40; 30 + 30} = 60; VE5= ({1,2,3}) = 90.

Next, we analyze the basics properties and the main solution concepts of Lorenz-

Bifocal Bankrupfey (Games,



Rationing problems with Commonly Accepted Equity Principles 89

Note that a Lorenz Bifocal Bankruptcy Game, VY57 with LBy € LB, has a
non-empty Core, since both LGM 7 (E, ¢) and LLM"(E, c) belong to it. Moreover,
next proposition provides a set of necessary conditions for a proposal to be in the
C'ore of a such game, which coincides with the "natural” requirements for a rule to be
considered a Lorenz-Bifocal Admissible rule (see Definition 4). This result, therefore,
shows that the agents’ behavior regarding Lorenz- Bifocal Bankruptey Froblems has,

albeit unconsciously, strong theoretical support.

Proposition 8 Given LBy, € £Bg, if x € C(VEER) then, for allz € N,
min{ LGM(E,e), LLMP(E, A} < ; < max{LGM/(E, ), LLM[(E, )1
Proof. See Section D.1 in Appendix D. =

However, the following example shows that previous conditions do not always
guarantee that an allocation belongs to the Core. That is, it iz not a sufficlent

reguiremernt.

Example 2 Lef us consider the Lorenz- Bifocal Bankruptey Problem LBy € LBy,
in which E = 170, LGM P (E, ¢) = (35,45,45,45) and LLM ™ = (28.75,38.75,48.75,
53.73). Then, on the one hand V557 ({1,3}) = min{35 +45; 28.75 + 48.75} = 77.5.
On the other hand, lef us consider the alfocation z that distributes the resource,
E =170, amonyg agents as follows, = = (30,40.25,48,53.75). This allocation s, for

each agent, befween those of the fwo Lovenz-Bifocal rules. Howewver,
T, + T3 = T8 < VE8a({1,31) = 77.5,
therefore © does not befongs fo C I:V‘r‘gpf )

It is well known that the Nucleofus is a Core selection. Nevertheless, the Shapley

value for convex games it is also a Core selection, it could recommend, in general, a



a0 5. Lorenz-Bifocal Bankruptcy Game.

distribution cutside the Core. In this line, the following example shows that Lorena-

Bifoeal Bankrupfey Games need not be convex.

Example 3 Lef ws consmder the Larenz Bifocal Bankrupfey Problem LBy € LB,
in which E =30, LGM®A(E,c) = (1.5,7.5,7.5,7.5) and LLM®A(E,c) = (5,7,8,10).
It can be easily vertfied that VEFa ({1}) =5, VE8a ({1,3}) = 13, VI8 ({1,4}) = 15
and VEER({1,3,4}) = 22.5. Thus, AV 55 ({1,4}) < AV 552 ({1}) since

VEER(11,3,4}) —VEFA({1,4}) = 75 and VEFA({1,3}) — VP2 ({1l = 8.

Therefore, given that {1} C {1,4}, V457 15 not convez.

So, in order to choose a Core selection, the above example lead us to focus on the
Nueleofus of the game. However, as we will show in our main result (Theorem 12),
the Shapley walue belongs to the Core and coincides with the Nueleolus. The reason
of this coincidence lies in the fact that in our game the sum of a player’s marginal
contribution to any pair of disjoint coalitions 7,7* such that T U 7T* = N {s} is
a player specific constant, i.e., the Lorenz Bifocal Bankrupfey Game is a PS-game

(Kar et al. [25]). Formally:

A TU-game V is a PS-game if for each ¢ € IV, there exists &; € R such that, for
all T € A {il,
&.&V (Tj + .&.E;V (N\ [T I {I}D - .lii}'.,;.

The following result shows that Lorenz Bifocal Bankruptey (Games are a subclass
of P5-games. Moreover, the specific constant, for each agent, obtained by adding its
marginal contribution to any coalition S and its complement N [SU{:}], is the

sum of the recommendations for her made by the two Lorenz-Focal rules.
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Proposition 8 Given LEg € LBp, the associated Lorenz-Bifocul Bankruptcy

Game, V5%, s o PS5-game such that for alis € N and for all coalition T C N {1},
AVEER (T AV EER (NN [T UEY) = LGM(E, o) + LLM(E, o).
Proof. See Section D.2 in Appendix D. m

Our main result, the proof of which is based on states with sufficient clarity how
to solve Lorenz-Bifocal Bankrupicy (Games In a way, it provides solid grounds for
selecting the average of the two focal viewpoints from among all the intermediate

compromises: " Virtue hes in the middle ground”.

Theorem 12 For each Lorenz-Bifocal Bankruptey Game, V"5, where LB, € LB,
the Shapley value and the Nucleolus coincide and they are obtained in the average of

the fuo Lorenz-Foeal rules, that is,
Sh{VEEr) = Nu[VviFa) = 1/2 (LGM™ (E o) + LLM" (E, )} .

Proof. See Section D.3 in Appendix D.

5.3 Three applications.

In this section we apply the proposed model to the three different sets of equity
principles mentioned previously. Particularly, from Chapter 2, we know the Lorenaz-
Focal rules which delimit the region of Lomenz Bifocal Admissible rules are well

defined with F, € {P, F;, Pz }. Therefore, by Definition 15 we obtain each of the

associated Lorenz-Bifoeal Bankrupfey Games.

Given LEg € £Bp, LB = ((E,c),CEA,CEL), the corresponding Lorenz-
Bifocal Bankruptcy Game is the TU-game V% which assoclates to each

coalition 5 C &, the real value

VE8a(9) = min {ZCE}IB-(E, cl, ZCELJE Cj} -

ICS L=y
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Given LBy, € LBp, LBy, = ((E,e), Pin, DPin), the corresponding Lorenz-
Bifocal Bankruptcy Game is the TU-game V*5% which associates to each
coalition 5 C ¥, the real value

VE87(S) = min {ZPmi{E,c),ZDPmi(E, .:j} .
1C8 1=t}

Given LBg € L£Bg, LBg, = ([E,c),CE, DCE), the corresponding Lorenz-
Bifocal Bankruptcy Game is the TU-game V%%s which associates to each
coalition 5 C ¥, the real value

VE8r(§) = min {ZCEJE,C),ZDCEJE,C]} .
=t} Lr=fs)

Obviously, in each of these fLforenzBifocal Bankrupicy Games all the
characteristice and results set out in the previous section hold. Then, by applying

Theorem 12 for each P, € {F, P, Pz}, we present a game-theoretic support of new

rules: the average of well-known old solutions representing opposite viewpoints,

Corollary 14 For ench Lorenz-Bifocal Bonkrupicy Game, VE8a, the Shapley value
and the Nueleofus coineide. They are also defined by the average of the Constrained

Equal Awards and the Constrained Equal Losses rules, that is,

Sh{(VEFA) = Nu(VEOR) = 1/2[CEA(E,c) + CEL(E,¢)].

Corollary 15 For each Lorenz-Bifocal Bankruptey Game, V5%, the Shapley value
and the Nucleolus coincide. They are defined by the Average of Pintles’ and fhe Dual

af Pinsles’ rules, that s,

Sh{ViEa) = Nu(Vi8a) = 1/2[Pin (E,c) + DPin(E,c)].
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Corollary 16 For ench Lorenz-Bifocal Bonkrupicy Game, VE5¢, the Shapley value
and the Nucleolus commeide. They are defined by the Avemge of the Constrained

Egalifarian and the Dual Constrained Eqalifarian rules, that is,

Sh(viPes) = Nu(ViFn) = 1/2[CE(E,c) + DCE(E,c)].

At this point it should be noted that the compromise reached by the society
that we have considered could be classed as coherent, at least, for two reasons. The
first of these is that the properties that the society has applied to restrict the set of
Lorenz- Bifocal Admissible rules in each case, F| € {F, P, Pz}, are also satisfied by
the final agreement. The second reason is that the "equify eriferzon” on which the
society bases its choices, Lorenz domination, is preserved, although the application
of such a criterion is carried cut in different domains, each one corresponding to
the problem facing society at each time (allocations for bankruptey problems and
excesses of coalitions for bankruptcy games). In this regard, it is well known that,
for each TU-game V', the Nueleofus selects the allocation of the resource providing
the maximal Lorenz element on the set of vectors the coordinates of which are the

excesses of all coalitions referring to efficient and individually rational distributions,

z=V(N)and z; > V ({1} for all 7 € ¥V, {see Arin [4]).

5.4 Conclusions.

In this chapter we have used cooperative game theory to support very simple, current
and commonly observed collective decisions, which are so common as to be expressed
in the popular proverb: "Virtue lies in the middle ground”

Our main result offers game-theoretic grounds for meeting people halfway,
providing solid grounds for selecting the average of the two focal viewpoints from

among all the Lomene-Bifocal Admissible rufes.
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On the other hand, we have particularized this model to the three sets of equity
principles proposed, showing how to introduce new applications of game theory and,
consequently, new solution concepts by following the line of argument of Section 5.3.

Therefore, we can conclude that this chapter involves both simplicity and the

matching of theory with real life, producing an interesting combination.
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CHAPTER §

GENERAL CONCLUSIONS AND FUTURE RESEARCH.

£1 Results.

Our contribution to the theory abhout bankruptey situations in this document starts
from two general concerns, which are usual in the literature: individual rights and
fair distributions. Regarding to these ideas, we introduce a new extended bankruptcy
problem, called the Lorenz-Bifocal Bankruptey FProblem, in which the discrepancy
for sharing the resources is considered by means of the existence of two focal rules,

according to a “Commonly Accepted Eguify Prineiples ¥ set.

Taking these problems as starting point, we have analyzed the repercussions of
this enrichment of the classical rationing problem from the Axiomatic, Strategic and

Cooperative Game viewpoints, obtaining the following results:

¢ In the Axiomatic Approach, firstly, we provide the definition of a lower bound,
called Lorenz FP-Safefy, which iz obtained by assigning to each agent the
smallest amount she receives according to all Lorenz-Bifoeal Admissible rules
for such & society. Secondly, the fact that some of the endowment will be still
available once we allocate each agent this amount, has led us to introduce
the Recursive Lorenz P-Safefy rule, defined as the recursive application of our
new bound. In this sense, our main results are achieved by particularizing
the previous methodology to different sets of equity principles which can

be interpreted, from our point of view, ag "basic® requirements. For two
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possible societies (restrictive and permissive) we retrieve, respectively, the
Dual of Pineles’ and the Construimed Egual Losses rules when focusing on
awards; and Pineles’ and the Constroined Fgual Awords rules when focusing
omn losses. Nevertheless, by considering a society whose "Commondy Accepfed
Equity Principles” set is included in the permissive society’s set and includes
the restrictive society’s set, we show that the Recursive Lorenz P-Safefy
rule does not satisfy one of the equity principles upon which such a society
initially agreed to found its decizions. Thus, the need for in-depth study of the
consequences of social agreements on both principles and procedure has been

emphasized, as they could become meaningless when combined.

In this line, and using the fact that rationing problems can be interpreted
from a double viewpoint (awards and losses), we propoee the simultaneous
combination of both a lower and an upper bound on awards, called the
Larenz P-Scfety and the Lorenz P-Ceiling, respectively. In this regard, we
define a new method for distributing the endowment, using the idea of
establishing recursively a "fair” minimum and maximum amounts to each agent
in bankruptcy problems, named the Lorenz Double Recursive rule. Our main
result states that this rule corresponds with the average of the two Lorenz-
Focal rufes, that is, we obtain new justifications for the convex combination of
two extreme and opposite rules. Then, we particularize this procedure to some
sets of equity principles, recovering Lorenz-Bifocal Admissible rules even for
the set of equity principles for which the Recursive Lovenz P-Safefy process

fails,

From the Strategic Approach we provide a mechaniem from a positive
viewpoint. That is, we offer the understanding of old bankruptey rules as the

Nash eguilibrium of a strategic game where agents act individually pursuing
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their best strategy, the one ensuring her highest payoff. Specifically, we
particularize the methodology of the Unanimous Concessions (Marco et al.
[31]) and the Diminishing Claims (Chun [8]) procedures to different sets of
"Commonly Acecepfed Eguify Principles ¥ In particular, we retrieve the Dual
of Pinsles’ rule when applying the {fnanimous Concessions procedure, and,
by using the idea of duslity and the fact all the proposed properties are Self-
Dual, we obtain Pindfes’ rule. Moreover, we show that, for some set of equity
principles, the allocation obtained when applying the fnanimous Coneessions
and the Diminishing Claims procedures, may lead to "not acceptable” results.
Particularly, if a society agreed on choosing those rules which satisfy a
determined set of equity principles, the final allocation could not satisfy the

initial agreed properties.

At this point, combining the Dimenishing Claams and the Onanimous
Coneessions procedures, we define the Double Concessions procedure. In this
case, ag in the Axiomatic Approach, we retrieve the average of the two Lomenz-

Foeal rules for the three proposed sets of properties.

¢ In the Cooperative Game Approach, we associate to our new extended
bankruptcy problem a natural TU game, applying the O'Neill’s model [42].
In these games, called Lorenz-Bifocal Bankrupfey (Games, we obtaln necessary
conditioms for solutions to be a Core selection. On the other hand, although
these games are not convex in general, we find that the Shapley Value 1s not
only in the Core, but it also coincides with the Nucleolus. Moreover, these two
solutions retrieve the average between the two Lorenz-Focol rules, that is, we
provide game theoretical grounds to sustain the proposal of an "mfermedsate ¥

agreement among all the Lorenz Bifocal Admussible rules.
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6.2 Future research in progress.

From our viewpoint, there are several researching possibilities following the line
initiated in the current dissertation. Among other problems, at this moment we are
facing two possible generalizations of Lorenz- Bifocal Bankruptey Problems. On the
one hand, note that, by applying the Lorenz eriferion, we have obtained two focal
rules which delimit the Lorenz Bifocal Admissible rules. So that, a natural step for
trying to generalize our results would be by "substracting” these extreme rules not
requiring the equity criterion. Particularly, we relax the requirements imposed on
the initial extended bankruptcy problem not considering the Lorenz crferion. On
the other hand, we consider other contexts, different of bankruptey problems, where

the two focal proposals arises in a natural way.

6.2.1 Bankruptcy Problems with Legitimate Principles.

Our first attempt to extend the obtained results consists of eliminating the Lorenz
eriferion, and then considering that the way of distributing the rescurce is only
based on a set of basic properties, called "Clommonly Accepted Equity Principles®,

but without requiring as social goal an equity criterion. Formally:

Definition 16 A Bankruptcy Problem with Legitimate Principles s o triplet
(E,c,F), where (F,c) € B and F, is o fized set of principles on which o porficulor

society has agreed.

Let F be the set of all subsets of properties of rules. Each F, € F represents
a specific soclety which will always apply such principles for solving its problems.
Finally, let Be be the set of all Problems unth Legifimate Principles.

In this context, a Socially Admissible rule for a society that has agreed on F,, is

a rule satisfying all these properties.
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Definition 17 A Socially Admissible rule, or simply an Admassible rule, is o
function, v : Bp — R}, such that its restrichon on B, v B — R}, 15 o rule, and ##

safisfies afl properfies in F.

Let & denote the set of all rules and let ®(F,) be the subset of rules satisfying

F.

Bankruptcy Problems with Legitimate Principles: Lower bound.

¢ Axiomatic Approach.

Now, from the Axiomatic Approach, and following a similar reasoning as in
Chapter 2, we define the lower bound on awards based on Bankruptey Problems

unth Legbimate Prineiples and its associated recursive process.

Definition 18 Given (E,c, F,) in By, the P-Safety, s, 15 for eachi € N,

s:(F,c, )= inf }{tpa-(E,c)}.

e F
Definition 19 For each m € N, the Recursive P-Safety Process af the m-th

step, RS, associntes for each (F,c, F) € Be and each 1 € N,

[HS{Em,ﬂ,PﬂL = S._g(Em,Cm,PL),
where (E', ') = (E,c) and for m > 2,

(B c™) = (E™ ' = Yos(E™ L™ L R) ™ T —s(ET L0t L R)).

i

Again, it can not be ensured that the sum of the amounts that agents receive
in each step exhausts the endowment, but when this occurs, we call this sum the
Recursive P-Safefy rule. Moreover, note that this rule will be an Admissible rule
whenever it fulfills the set of equity principles on which the Recursive P-Safefy

FPracess 18 baged. A fact that, as we will see later, cannot always be guaranteed.
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Definition 20 The Recursive P-Safety rule, 7, associates for each (E,c, F) €

£ Bp and eachi € N, pf{E e, F) = i [RS(E™,c™, F));, whenever
m—1
3 (Z [RS{E”“,.::“,PJL) - E.
e A m—l

At this point, we consider the three possible choices of " Commoenty Aecepted
Equity Principles” by a society to apply the approach introduced previously, F, £
€ {F, F, Pa}, although with some conditions. Particularly, now we include Order

FPreserpation and Resource Monofonicify,

Order Preservation: for each (E,c) € B, and each 4, j € N, such that ¢; > ¢,
then [fg-i(Er Cj = LPJ(Er er and Ty — Lio';i(E? Cj = Cy _(PJ(-‘E"'r: er that is E'&(Er C) = EJL{E, C)'
Resource Monotonicity: for each (F,c)] € B and each E' £ B, such that

G > FE » FE, then w,(F',c) = p.(F,c), for each 2 € NV,

So our sets of equity principles are:

P, ={Efficiency, Claim-boundedness, Non-Negativity, Order Preservation and

Resource Monotonicity},

Fy ={Effictency, Claim-boundedness, Non-Negativity, Resource Monofonicity,

Super-Modularity and Midpoint Property},
and

F:  ={Effictency, Claim-boundedness, Non-Negativity, Order Preservation,
Resource Monotonieity and Midpoint Property}.
It must be remarked that, in the context of Lorens-Bifocal Bankrupicy Problems,

these new conditiong are redundant. So, in the context of the Bankrupfey Problems
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unth Legmifimate Principles, the sets of equity principles coincide with the ones we
are presenting now.

By applying our previcus methodology, we now recover the Constrained Fgual
Losses and the Dual of Pinsles’ rules for Py and Fs. However, although for two-
person problems the Recursive P-Safefy rule for F; retrieves the Dual Constrained

Eqalitarian rule, this fact can not be extended for the n-person case.

Proposition 10 For each (E,c,P1) € Be, [(E,c, ) € Be), ((E,c, ) £ Be),
the P-Safefy for the smallest agent, say 1, corresponds with the Constrained Equal
Losses (the Dual of Pinides’) (the Dual Constrained Egalifarian) rule,

s1(E,c,P)) =CFEL(E,c) (81(E,e, Fy) =DFini(E,c)) (51(E,c, Pa) =DCE(E, ).

Proof. See Appendix E. &
Then, by applying duality, it is straightforwardly to show the P-Safefy for the

highest agent.

Corollary 17 Foreach (E,c,P)) € Bg, ((E,c, P3) € Bp), ((E,c, P:) € Bg), the P-
Safety for the highest agent, say n, corresponds wnth the Constroined Equal Awards

(FPiniles’) (Constramed Egalitarian) rule,
Sn(Er o, P’l) =CEATL||{EP ':j (Sn(Er c, PE) =P3n'n|:£"rr ij I:Snlanr o, PS) =C-E:1.(Es ij

The most important results that we have obtained are the following ones:

Theorem 13 For each (E,c, P)) € Bg,((E, e, Fs) € Bp), the Recursive P-Safety
rule 15 the Constrained Equal Losses (the Dual of Piniles’) rule,
[PR(Ea C, Pl:' :CEL(Ea C:I ([PR(E: c, PE:I =DP3TL|:E, CD

Theorem 14 For each bi-personal Bankrupicy Problem wunth Lemiimafe Principles
in Bp with P = P and each 1 € {1,2}, the Recursive P-Safety rule is the Dual
Constrained Egalitarian rule, i E o, P) =DCE(E, ).
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Proposition 11 There is a problem, (E,c) € B, for which the Recursive P-Safety
rule for Py does nof eowneide unth the Dual Constramed Egalitarian rule,

WR(Er c, PS) %DCE{Er Cj'

Proposition 12 For Fi, the Recursive P-Safety rule does nof safisfy Resource

Monotonicity.

The previous analysiz can be rewritten for losses by using the idea of duality.
As we know, when focusing on losses, the starting point will be the same sets
of “Commonly Accepfed Equify Principles”, Py and F;, since all the considered
properties are Seff- Dual. Furthermore, by defining the P-Safefy for the associated
problem (£, c) for each (F,e) £ B and applying it recursively, it can be shown
that Pinsles’ and the Constrained Eguel Awards rules are retrieved for F; and
F,, respectively. And, again, only for bi-personal problems for F; we retrieve the
Constrammed Egaliforion rule. However, this fact can not be extended for the n-

[PETEDI CAEE,

Az a consequence of Propoeition 10 and Corollary 17, it would be worth to
note that for bi-personal problems, the two contexts (Lorenz-Bifocal Bankrupfey
FProblems, and Bankruptcy Problems with Legifimate Principles) coincide, since the
properties gathered by the sets Py, Fy and s, imply the existence of the two extreme
rules defined in each case. Moreover, although the smallest agent’s P-Safety for Py
(Py, F3) corresponds with the Constraimed Equal Losses [Dual of Fimdes’, Dual
Constrained Egalifarian) rules and the highest agent’s P-Safefy for P, (P, Fs)
corresponds with the Constrained Equal Awards ( Piniles’, Constrained Egalifarian)
rules, the other agents’ P-Safefy will not be determined by these rules, as shown in

Example 4 in Appendix E.
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¢ Strategic Approach.

In the Strategic Approach, we can generalize all the results obtained in Chapter 4
to Bankrupicy Problem unth Lemfimafe Principles, obtaining analogous conclusions.
In this sense, again, note that we can use the proofs without making any changes,
because, due to the fact that the P-Safefy for the smallest and the highest agent
do not change (Proposition 10 and Corollary 17), their weakly dominant strategies

remain the same.

Bankruptcy Problems with Legitimate Principles: Lower and upper

bound.

¢ Axiomatic Approach.

Ars we know, bankruptcy problems can be faced from the double viewpoint of
awards and losses, s0 we define an upper bound on awards, named the P-Ceiling, as
the highest amount assumed for each agent by all the Admissible rules in Fi. Next,
we propose the Double Boundedness Recursive Process as the procedure in which
at each step each agent receives a minimum and a maximum amount according to
all the Admissible rules, ie., at each step, every agent's claim is truncated by her

P-Ceihng, and each of them receives her P-Safefy.

Definition 21 Given (E,c, F|) in Bp, the P-Ceiling, ce, s for eachi € N,

CE“:E? Cy PI’-:I = B5up {Lp-.i(Eer}'
el )
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Definition 22 Given m € N, the Double Boundedness Recursive Process,

DBR, associates for each (E,c, F)) € By and each 1 € N,

[DBR(E™, &, B} = s:(E™, &%, F),
where(F', ') = (F,c) and for m = 2,

Fr=fFm 1 Y s(E™ e YR
LIS

=g (E™ L™ VLR — s (B L e LR,

According to this process, an agent will get at the first step her FP-Safefy of
the original problem. At the second step, we redefine a residual problem, in which
the endowment is the remaining resources and each agent’s claim is truncated by
her P-Ceifing, and then adjusted down by the amount received. Then each agent
receives her FP-Safety of this residual problem, and so on. We can easily see that this
process is not always efficient, but when it does, we call it the Double Recursive rule.
Formally:

Definition 23 The Double Recursive rule, ”7, associates for each (E,c, B

(e

€ Bp and eachi € N, ol (E,c,P) = 5 [DBR(E™, 7, F,),, whenever
m—1
Z (Z [DBR(E’“,C“,PJL) =E.
L= -1

As we have noted previously, due to the fact that for bi-personal problems both
contexts (Lorenz-Bifocal Bankruptey Problems, and Bankruptey Problems with Legi-
timate Principles) coincide, the results obtained in Chapter 3 remain valid. However,
this fact does not occur generally, as shown in Example 5 in Appendix E. Moreover,
it is worth to highlight that for both the Recursive F-Safefy rule and the Double

Recursive rule there are more than two focal rules. Nevertheless, in each context



Rationing problems with Commonly Accepted Equity Principles 105

the behavior of the procedure is different, implying that although in the former
cage (with only the lower bound, or “simple” bounding) the results obtained in the
context of Lorenz- Bifocal Bankruptcy Problems are maintained, this does not occur

with the "double ¥ bounding,.

Finally, it must be noticed that even if there are two focal rules, the Double
Boundedness Recursive rule for F, may not retrieve the average of them if these
two rules are not dual each other. Henceforth, for any Bankruptey Problem unth
Legafimate Principles such that there exist two Focal rules, which are dual each
other, the final allocation provided by the Double Recursive rufle will correspond

with the average of these two Focal rules.

¢ Strategic Approach.

Note that in the Strategic Approach bi-personal problems for both contexts
(Lorenz-Bifocal Bankrupiey Problems, and Bankrupfey Problems wnth Leqbimate
Principles) also coincide, therefore, all the results obtained in Chapter 4 remain
valid. However, due to the fact that for the n-person case we can find situations with
more than two focal rules, this fact cannot be generalized.

Furthermore, as in the previous approach, when there are only two focal rules,

we retrieve the average of them only when they are dual each other.

Bankruptcy Problems with Legitimate Principles: Cooperative Game

A pproach.

Finally, from a Cooperative Game viewpoint, we define a new type of games in
coalitional form, named Bankrupfey Games unth Legifimate Principles, which are

an appropriate interpretation of Bankrupfey Problems with Legifimate Principles
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in terms of TU-games. Specifically, following the line initiated in Chapter 5, we
define the game corresponding to these problems by associating to each coalition the
smallest quantity of the resource that it would receive according to all the Admassibie

rules. Formally:

Definition 24 (fiven By € Bp, the corresponding Bankruptey Game with
Legitimate Principles is the TU-game V5% which associates the real value

VEa (@) = 0 and, for each coalition §, @ # § C N,
VE(3) = mi (E,c,F) .
(8) = miz {;m <, J}

At this point, note that it cannot be ensured that there are just two extreme
Admissible rules defining the worth of each coalition, as it ocours with the
Lorenz-Bifocal Bankrupfey Game. Henceforth, we can find Bankrupfey Games with
Legetimate Principles with more than two focus. In this case, we show through
Example 6 {Appendix E) that neither the Shapley value and the Nucleolus colncide,

nor any of them retrieves the average of the focal rules.

6.2.2 Bifocal Distribution Problems: Grounds for the average of two

focus.

Since previous results cannot be generalized for problems with more than two focal
rules, in order to provide more general results, we propose distribution problems in
which two prominent proposals are considered equally fair from different reasonable
viewpoints. In this regard,

A distribution problem with transferable utility, D, (referred to
hereinafter as a distribution problem) is formally described by a pair D =
= (M,C"™) where M & R,, represents a given amount of a perfectly divisible

Paood”, a valuahle resource that should be distributed among the agents in & =
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={1,...,4,...,n} And OV is a set of relevant information, concerning the agents,
which should somehow be taken into account when solving the problem. Let D

dencte the type of all distribution problems.

In this general context a distribution rule iz a function, f: D — E™, which
proposes an efficient allocation of the resource for each distribution problem D e D,

that is, > fi(D) = M. Let F be a family of rules.

=
Note that a wide range of real situations can be modeled in this way, such az
certain important types of TU-games: market games (Shapley and Shubik [50]), cost
allocation games (Young [62]) and simple games (Shapley [49]).
In this context, a Bifocnl Distribution Problem, denoted by BD £ BD, is a triplet
BD = (D, f,g) where D = (M,C"} £ D and both f and g are "fixed” distribution

rules representing two focal proposals in a particular society.
¢ Cooperative Game Approach.

Regarding to this framework, we define a Bifocal Dstrbution Game by
associating to each coalition the smallest quantity of the resource that would receive

according to the two focal rules,

Definition 25 (fiven BD € BD, the corresponding Bifocal Distribution Game
is the TU.game VY which associates the real value VEP(@) = 0 and, for each
coalifion 5§, & # 5 C N,
VE9(S) = min {Zﬁ-(DLZm(DJ} -
icS igS

Finally, note that, by only changing the rules considered in Lorenz-Bifoeal
Bankruptey Games, for the focal distribution rules f and g, we can follow the same
reagoning, So that, next theorem states that for each Bifocal Distribufion Game,

" Virfue lies in the maddle ground”.
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Theorem 15 For each Bifocal Distribution Game, V50, where BD = (D, f,q) €

£ BD, the Shapley value and the Nucleolus cosncide and they are obfained in the

average of the fwo focol distributions rufes, that s,

Sh(VET) = Nu(VEY) = 1/2(f (D) + ¢ (D).

6.2.3 Other open research issues.

Finally, other questions that remain open are the following,

e The axiomatic characterization of the convex combinations of rules.

Particularly, following Thomson and Yeh [54], it would be interesting to

characterize the average of two extreme and opposite rules.

The search for new procedures that ensure compatibility with socially accepted
equity principles; and the analysis of conditions on the legitimate principle sets
which guarantee that such principles are upheld when applying our recursive

PrOCEEE.

Following Luttens [29], it could be analyzed the results obtained by the
combination of other lower bounds proposed in the economic literature
(different from the O'Neill's Minimal Right [42]) with the idea of solidarity.
In this regard, Luttens, in a model where individuals with different levels of
gkille exert different levels of effort, combines the idea of solidarity with the
individual’s bound ag defined by O'Neill [42]. Solidarity is based on the notion
that the consequences of a change in an individual’s gkill should be borne by the
society as whole. Specifically, let us suppose a society where agents’ income
inequalities are determined by unequally exerted effort levels and different

innate skills, Now suppose that, due to a change in individuals’ skills, there is
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more income to divide. The proposal is for these extra resources to be divided

according to the changes in individuals’ minimal rights.

¢ As Schokkaert and Overlaet [46] gather, we can find many contexts where two
different proposals that highlight the discrepancy about the way of distributing
the resources appear in a natural way, For instance, the two focal solutions are,
following Moulin [35], in surplus sharing problems, the equal and proportional
sharing rules; or, according to Varian [59], in the theory of fairness and envy-
free allocation, the income-fair and the wealth-fair allocations. In this sense,
on the one hand, we have provided general results using the Cooperative Game
Approach for any Bifocal Distribution (Game. On the other hand, it would be
interesting to analyze if we can retrieve similar results as those obtained in the
context of Lorenz-Bifocal Bankruptey Problems in the Axiomatic and Strategic

Approaches,

¢ Iollowing Amiel and Cowell [3], and Bosmans and Schokkaert [7], it could be
examined public perceptions of “fair®, "appealing”, or “reasonable ¥ guarantees
for rationing problems. Specifically, it would be interesting to answer the
following questions. Does the standard structure of analyzing guarantees
coincide with itz public perceptions? Is the economist’s concept of guarantee

a thing apart, that is going to be perpetuated through social brainwashing in

the way the subject is studied and taught?
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AFPENDIX A

Proors oF CHAPTER 2.

A 1 (General remarks.

We present three remarks which are used in the following proofs.
Let us note that By denotes the set of bankruptey problems in which claims are

increasingly ordered, that is, bankruptey problems with o < ¢y for 2 < 3.

First, for any Lorenz-Bifocal Bankruptey Problem, the total loss to distribute is

the same at every step of the Recursive Lorenz P-Safefy Process.
Remark 1 For each LBy, € LBp, and each m e M, L™ = L.

Proof. Let LBy € LB, Then,
I = " - F™ = Y (c?;— ZLS;;(LB’;;‘)) — (E— 3 ZLsi{LBﬁtj) =
=3 E—1 AN E—1
=C-—F=L m
Second, for each F, € {F), F,, 3}, the order of the agents’ claims remains the

same along the Recursive Lorenz P-Safefy Process.

Remark 2 For each LEp, € LB with F, € {F), Py, F3}, and eachi € N,

AT T m4-1 mt1
if ot e then T < o

Proof. Let LBy € LB,y with F, € {P), P, i3}, and let denote (CFA, CEL) =
_ I:[pD(LPﬂ'?[pU(Lﬂ}) , (pinrﬂpinj — ([PD(LPQ}?[,DU(LPQ}} and (C’E,DC’E) _

— ICIPD(LPSII, (pUELPS)} .
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Since all of the above mentioned rules satisfy Order Preservafion, then for each
Pt = {PerEr P3}:
(a) If Ls; (LBE) = tpfl('r‘m(f!m,cmj and Ls,(LBZ) = Lpf':‘r‘m(Em, c™), then,
by Order Preservafion, ¢ — Ls;(LEE) < o — Ls; (LBEZ) = el C}ﬂ+1.

(b) If Ls;(LBE) = ol “™(E™ 6™ and Ls,(LBE) = o “(E™ ™), by

2

both Onder Preservation and the definition of Ls,(LEE), cf° — tpf“m(Em,cmj <

orLe)

. ~ LR,
T (Emrcjgcg_(pl: g

T
o —p b

T Lar) m+1 m+1
(E™ ™) = o S
(c) If Ls,(LEBR) = @?(LP)(Em,f“j and Ls;(LBT) = @?(LEJ(ET“, &™), then,

by Order Preservation, ¢ — Ls;(LBE) < '~ LsT(LBE) = crHl 2 c}““. [
Last remark says that, for each F, € {F, Fs, P2}, the sum of the amounts that

agents receive by the Recursive Lorenz P-Safety Process is the entire endowment.

Remark 3 Ffor each LEBg, € LBp with F, € {P1, Po, P2}, and eachi € IV,

> (£ mism5a)) -

i hm—1
Proof. Let LBy, € £LBp with F, £ {F, P, P} and ¢ and E*, denote the
limits of the sequences of the claims vectors and the endowment generated by the
Recursive Lorenz P-Safefy Process. These limits exist since claims and endowment
do not increase from step to step, and all of these variables are bounded below by
zerc. We then show by contradiction that E* = 0. Let us suppose that E* = 0.
Then, since for each By € {F1, Pe, P2}, Ls;(LEE) > 0, where j denotes the highest
claimant, there is 72 € N such that F™ — E* < Ls;(LB; ). Since LEE is a well-
defined Lorenz-Bifocal Bankrupicy Problem, Ls,(LBE) = 0, and given that all agents
receive non-negative amounts, the endowment at the (m + 1) —th step decreases by
at least the agent 7's Lorenz P-Safefy.
Therefore, E™! < E™ — Ls; (LBE) < E™ — Ls;(LBp,) < E”, which contradicts

the definition of E*. =
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A2 Proof of Thecrem 1.

Theorem 1. For each LBp € LBp, LBy = ((E,c),CEA,CEL), the Recursive

Lorenz P-Safety rule 15 the Constrained Equal Losses rule, o (LBg ) =CEL(E, 2).

The proof = based on four lemmas, but before presenting them, we note the

following three facts. We assume, without loss of generality, that (F,c) £ Bo.

Fact 1 For each (E,c) € By and eachi € N, CEL(FE,c) = max{0,c; — .}, where p
is such that 3 max{0,e; —u} = F.
i

Therefore, 1 can be understood as the {osses imcurred by the agents who receive

posifive amounts by applying the Constrained Equal Losses rule.

A straightforward way to compute this rule, which will be useful later on, iz as

follows.

Fact 2 For each (E,c) € By and each i € N, the loss imposed on agent 1 by CEL 15
¥, = min {o;, ok,

where

oy = (L—Z’;@)f(ﬂ—i+l).

e
Therefore, for each i E IV,

CEL(E,c) = c; — 7,
Fact 3 By Fact ! and Remark 1 we gek:

(o} For each (E,c) € By, and each 1 € N, if v, = c;, then for each j < 1, T =

(b) For each (E,c) € By, and each 1 € N, if v, = oy, then o, = u and for each

7 >, o = oy Therefore v, = p fwhere u 15 defined in the previous fact).

(e} At each step m € N and for each v € N, o only depends on the initial

problem, (F,c), and an agent 7's clmem, for each 7 < 1, of step m.
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Next, we provide the four lemmag on which Theorem 1 is baged.

Lemma 1 For each LBy £ LBp, such that (E,c) € By, and each m e M, y™! =

Proof. Let agent ¢ be the first agent who receives positive amounts at stepm € N,
e, (i) Ls;(LBE) = 0 and (i) for each j < 4, Ls;(LBE) = 0. By (i) and Fact 3,
¢ = pu™ = of". Given (i) and the definition of the Recursive Lorenz P-Safety Process

(Definition 7) at the m-th step, &**' = ¢ By Fact 3-(c), o' = of* = p™ < ",

%

Furthermore,

& = & — min {CEL(E™, ™), CEA,(E™, ™)} =
= oo = CEL(E™,C™) = = (d" —p™) =

= #".'?1 = Qrm+1l

2

Therefore, by Remark 2 and Fact 3-(b), 47 = oT%! = ™+ =

From now on, ¢ will denote g™, for each m € N,

The second lemma states that if at some step m € M the agent ¢'s Lorenz P-
Safety for P, is CEL;,(E™,7™), then in each subsequent step, her Lorenz P-Safety

for Py is zero.

Lemma 2 For each LEp € LBp, such that (E,c) € By, o there sm € N of
Ls;(LBR ) =CEL,(E™,c™) then, for each h € N, A = 0,

Ls;{LBE™) =0,
Proof. Let LBy £ LBg, such that (E,c) € By, and m € M, be such that
Ls;(LBZ ) = CEL(E™, ™) = " —min{c", u}.
Then,

'::&m+1 = Czlm - C’ELillrEmrcmj = C'a'm - (Cam — min {C-imr F’I'}) = min {Gamr#}
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Therefore,

GELﬁ(Evn+'l’Cm+'l) _ C;n+1 — min {.g?“,,u} =

= min{c’, ¢} — min{min{c, p},p} =

= min{c g} —min{d", ¢} = 0.

And, Ls,(LBT*") = CEL,(E™ 0™+ =0,

Thus, the agent ¢'s Lorenz P-Safefy for F) is, from this step on, zero because for

each h €N, h > 0, CEL(E™" &™) = 0 = Ls;(LER™). o

The next lemma establishes that, if agent i's Lorenz P-5Safefy for F) is, at each
step, the amount provided by the Construined Egual Awards rule, then the total
amount received by this agent is at most her award as calculated by the Constrained

Equal Losses rule applied to the initial problem.

Lemma 3 For each LBp € LBp, such that (E,c) € By, and each 1 € N, o, for

eachm € N,
Ls;(LEZ ) =CEA;(E™, ™), then
©R(LBg) = kf;Lsg-(LB’;l) < CEL(E,c).
=
Proof. Let LB, € L£Bp, such that (E,c) € By, and i € N, If for each m £ N,

Ls;(LBE ) =CEA;(E™, ™), then by the definition of the Lorenz P-Sufety (Definition
5), and given that CEL(FE™, ™) =CEA(F™, ™),

m 1

Ls{LBZ) < CEL{E™ ™) =c" —p=0c; — ELMLB;) — i,
50 that
Ls;(LBE) +leLsa(LB’; )= — g,
that is, o

iLsi(LB;j < CEL{E,¢).
k-1
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Therefore,

lm 3 Ls;{LB%) <c;—p= CEL(E,c). m

™MD g

The last lemma says that if the agent's Lorenz P-Safefy for P) corresponds at
somme step m* € N with the amount recommended by the Consfrained Equal Losses
rule for the problem (E™ , ™) and at the previous step s the amount provided by
the Constrained Equal Awards rule for each problem (E™ 1,¢™ 1), then the total
amount received by this agent at step m* is that given by the Constrained Equal

Losses rule applied to the initial problem.

Lemma 4 For each LBp € LBp, such that (E,c) € By, and each i € N, if there
ism' € N, m* > 1, such that Ls;(LBE ) =CELJ(E™ ,c™) and Ls,(LBE ') =
=CEA(E™ 1™ 1), then,

gLsi(LBEj =CELI(E, ).

Proof. Let LBy € £Bp, such that (F,c) € By, We have

Ls;{LBZ) = CEL(E™,c™) and

.

Ls(LBE" ') = CEA(E™ '™ 1)

Since CEA(E™ ',c™ ') = 0, then CEL,(E™ ',¢™ ') = 0. Therefore cf* ' > 4

and by Lemma 1, eT° = u.

Then, at step m”, agent ¢ received
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m* m*” 1
S Ls(LBE) = N Ls(LBE)+ CEL(E™ o) =
k-1 E—1

m" 1

= ZLSJLB;] + [eF —min{d, u}] =

=1
m 1
(q -3 Lsg-(LB’;lj) — min {c;ﬂ“,#}] =
=1

m* 1
= Y Is(LBE)+
E—1
= cg-—min{c?k,lt,a} =y — i

Therefore,

mZLsg-[LBf;lj = CEL(E,c). m
k-1

Proof of Theorem 1.

Let LBg £ LBp, such that (F,¢) € By, There are two cases.

Case a: All agents claim the same amount. Then, by definition of Lorenz P-

Safety for Fi, each agent receives the same amount and the entire endowment is

distributed at the first step. Therefore, 0 {LB. ) =CEL{E, ).

Case b: There are at least two agents whose claims differ. By construction,
in this case the agent with the smallest claim, say ¢, receives as Lomenz P-Safefy
for P, Lsi(LBg) =CEL(E,c). Furthermore, for all m £ M the agent with the
highest claim, say j, receives as Lorenz P-Safety for Py, Ls;(LBg) = CEA;(E™, ™).
Now, by Lemmags 2 and 4 for each agent + € N who at some step m & N recelves
CEL(F™, c™) as Lorenz P-Safety for Py, we have ¢ (LBp ) =CEL.(E,c). For each
of the remaining agents, say [ # r, by Lemma 3, pf**(LBg | <CEL(E,c). Then,

since (LB g ) exhausts the endowment, by Remark 3, (LB, ) =CEL(E,c). ®
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A3 Proof of Thecrem 2.

Theorem 2: For each LBy, € LBp, LBp = ((E,c), Pin, DPin), the Recursive

Lorenz P-Safety rule is the Dual of Piniles’ rule, o™ (LBs) =DFin(E, c).

The proof ie based on five lemmas, but before presenting them, we note four

facts. In their proofs we assume, without loss of generality, (E,c) € Bp.

Fact 4 The Dual of Piniles’ rule can be written as follows, given (E,c) E B, 1 E N,

2 —min {Z, A} if B < C/f2
DPin(F.e) = >
%+ (2 —min{% A} if B = Cf2
where A 15 such that 3 DPin(FE,c) = E.
T

Fact 5 Given E' = (/2 and E* = E' — /2, the corresponding A, computed for

obtaining DPin rule, for (E', ) and (E®, ), denoted ' and 3* respectively, are equal.
Indeed
1. Zmin {cijﬂ,)fl} = — FE!
=
and

MY min{e/2,0? =CG/2- B2 =C - E.

e Y

A straightforward way to compute the OFm rule, which will be useful later on,

is as follows.
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Fact 6 For each [F,c) € By, and each < € N, the {oss imposed on agent 1 by DFin

28

24+ min{e;/2, 00} if F < C/2

T = H

min {e;/2, o? } if B = C/2

uhere
ay = (CKE—E—E%) Jin—i+1),
e

and

ol = (L—Z’yj)j'(n—i+lj.

g
Therefore, for ench 1 € ¥,

DFing(E,c) = o —

Fact T By Fact { and Remark 1, we gef:
(o] For each (E,c) € By and eachi € IV,
Case (1) B < Cf2, if v, = c; then, foreach j <1, v, = ¢;.
Case (i) E = Cf2, if v, = c;/2 then, for ench j <1, 7y; = ¢/ 2.

(b) For each (E,c) € By and each i € N, and grven A [(defined in Fact {),

Case (1) B < C/2, if v, = /2 + oy then oy = X and for each § = 1, oy = o,
Therefore, v, = o;/2 + ).

Cuse (1) E = C/2, if v, = o, then o, = A and for each § > 1,0y = o, Therefore,
Vo = A

(e} At each step m € N and for each @ € N, o only depends on the initial

problem, (E,c), and on agent 7's claim, for each 7 < 1, af step m.
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Next lemma shows that the relationship among claims and A is fixed.

Lemma 5 For each LBg € LBp, such that (E,c) € By, and each m € N,

(a) if /2 < A", then o772 < 4™

and

(B) if /2 > ™, then /2 = AT

Proof. Part (a) is obvious since ¢! < ¢™, In order to prove (b}, we have two

CAEEE.

Case b.1: F < (/2. Let agent 7 be the first agent who receives a positive amount
at stepm € N, ie, (i) Ls;(LBE) > 0 and (ii) for each y < 1, Ls;(LBZ) = 0. Given

(ii) and the definition of the Recursive Lorenz P-Safety Process (Definition 7) at the

m+l _ om
m-th step, &'~ = ¢

Furthermore, since

™2 = /2 —min {DPm(E™, ™), Ping(E™, 7)) =
> ™2 — DPin(E™ 0™ = /2 — (/2 —min {e7/2, A7} =
= min{c™/2, 3"} = A",
Therefore,
P e = A,

Case b.2: F¥ > (/2. Since agents receive their half-claim and the remaining

endowment is distributed as previously (Fact 4) the conclusion follows directly. ®
The second lemma says that, in each step, A™ is always the same,

Lemma 6 For each LBy, € LBp, such that (E,c) € By, and each m € N, 3™ =

— ‘)‘m-l-l
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Proof. By Fact 6, for each ¢ € IV, -y, represents the loss incurred by agent ¢, and
this will not change if «v; does not change. By construction, o is the same whenever
the relationship among claims and A is fixed. By Remark 2, Fact 7-(b) and Lemma

5, we know that X! = 4T =M =g =™ = 3™ m

2

From now on, A will denote 3™, ¥m & K.

The third lemma states that if at some step m € N agent’s ¢ Lorenz P-Safety for

Py is DPin,(E™,c™), then in the following steps, her Lorenz P-Safety for Py is zero.

Lemma 7 For each LEp, € LBp, such that (E,c) € By, if there ism € N such that
Ls;(LER ) =DPin(E™, &™) then,
Ls?;{LBE?h) =0, foreach R e N, A = 0.

Proof., Let LBy € £Bp, such that (F,c) € By, and m £ N be such that
Ls;,(LEg) = DPingE™, ™).
We will show that Ls;(LEET) = DPin,(E™+!, ™) = 0,

Case a. F™ < C™/2 and A = ¢™/2, Then

DPn (E™, ™) =0

and

2 = &2 — (DFing(E™,c™)) = /2,

Therefore,
DFin (B o™ = o7 2 —min {741/2,0] = 0.
Case b: E™ < 0™/2 and A < ¢/2. Then

DPin(E™, ™) = /2 —min {&7/2, A} = /2 — A
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Thus,

T2 = /2 — (DPing (BT ™)) =

= /2 — (/2 -2) =X
Therefore,

DPing(E™+', oY) = r+l/2 —min {7t /2, 0] =

= A —min{A A} =0

Case ¢ F™ > (™ /2. Since agents receive their half-claims and the remaining
endowment is distributed as previously (see Fact 4) the conclusion follows
straightforwardly.

And, Ls,(LEE*Y) = DPin,(E™, ™) = 0,

Thus, the agent 2's Lorenz P-Safefy for F; is, from this step on, zero because for

each h €N, h > 0, DPin(E™"* &™) = 0 = Ls,(LBE™"). o

Next lemma states that, if agent ¢'s Lorenz P-Safefy for F; is, at every step, the
amount provided by Pinzles’ rule, then the total amount received by this agent will
be at most her award corresponding to the Dual of Pinsles’ rule applied to the initial

problem.

Lemma 8 Ffor each LBp, © LBpg, such that (E,c) € By, and each 1 € N, if
Ls;(LBE,) =P, (E™,c™) for each m € N, then

[Pleansz) = ZLS-j(LB?Rj = D.P?:ﬂ-;(E,C:I.
=1
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Froof. Let LBy, € LB, such that (E,c) € By, and i € IV,

Case a: For each m £ M, £™ < C™/2,
If for each m € N Ls; (LBE ) =FPing(E™, ™), then by the definition of the Lorenz
F-Safety (Definition 5),

m 1
Lss{LBR) <DPini( E™,c™) = /2 — 3 = 05/2 — 3 Lag(LBE) — A,
—1

then
Ls;(LBZ ) +ELS“3(LB§2) <2 — A,
that is,
:1L51-(LB§2) < DPin,(E, ).
Therefore,

lim iLs,-(LBfgzj < /2 — )= DPin;(E, c)

k—pagpo)
Case b: E™ > C™/2,
This case is only possible when m = 1. Now, since each agent receives her half-

claim and the remaining endowment is distributed as in case 1 (See Fact 4), the

proof follows straightforwardly. ®

Last lemma states that if each agent ¢'s Lorenz P-Safefy for Py at some step
m* £ N is the amount provided by the Dual of Pimefes’ rule for the problem
(E™",c™) and at the previous step is the amount provided by Pinies’ rule for
the problem (E™ !, #™" 1), then the total amount received by this agent at step

m”* 1 that given by the Dual of Prmeles’ rule applied to the initial problem.

Lemma 9 For each LBy, € LBp, such that (E,c) € By, and each 1 € N, if there is

m* E M, m*=1, such that LSB-[LBE:] =DPin,(E™ ™) and
Ls(LEE ) = Pin,(E™ 1c™ 1),

then

s

> Lsi(LBY) = DPiny(E, ¢).
-1
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Froof. Let LBg, € LB, such that (E,c) € By,

Case a. F < /2. Then,
Ls;(LBE) = DPingE™,c™ ),

Ls,(LBZ 'y = Pin(E™ '™ 1),

by construction, Ping(E™ !,¢™ ') = 0 and by the definition of the Lorenz P-Safety

(Definition 5),

s

DPin(E™ 1™ Y =0,

Given Fact 4, ¢ '/2 > X and by Lemma 6, ™ /2 > A, Then, at step m?,

E™" < 0™ /2 and agent ¢ received

" m* 1
S Ls(LBE) = 3 Ls(LBE)+ DPin(E™ ™) =
E—1 =1

m* 1

-

= Y Ls(LBE) + (/2 —min {c /2,3}] =

k-1
1 m* 1

= Y Ls(LBE)+ (c,;fz -y Lsi(LBf?zj) —A] =
k=1 =1

= /2 - A= DFPmnlE,c).

Case b F > /2. By Fact 4, each agent receives at least half of her claim, so

™" " —k ~
Es(LBE) =c;/2+ 5 Ls(E 5, Py), where E = E — /2.
-1 =1

L.

Then, we follow the same reasoning than in case a, taking into account &

So that, F < /2, and, LE s, = (E, ¢, Pin, DPin). Then,

Ls;(LBp ) = DPingE ™),
~ omt 1 a1

Ls(LBg ) = FPing(E ™ 1),
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em® 1
then, since by construction, Pin,(F o™ 1 = 0, by the definition of the
Lorenz P-Safety (Definition 5),
a1

s

DPin(E 0™ =0

Therefore, by Fact 4 and Lemma 6, ¢™ '/2 = X, which implies ¢™ /2 = A,

Furthermore, & < C™ /2,

Then, at step m*, agent ¢ received

m‘ — F\' ':'71‘ 1 — k m'.‘ﬂ."
SN Ls(LB,) = S Lsi(LB,)+DPin(E )=
k=1 k=1
m* 1  E
= Y Ls(LBp)+ [ /2 —min [ /2,0}] =
k=1
m* 1 -k mt 1 -k
= Y Ls(LBp)+ (c:,,-,fE - ZLSE;(LB%)) - ,x] -
=1 -1
= /2—-A=DPin(E c)
Therefore,
m* m* ~ K
STEs(LBE) =2+ Y. Ls(LB,) = ; — A = DPiny(E,c). w
k=1 E=1

Proof of Theorem 2.

Let LEg, & LBg, such that (E,c) € Bp. There are two cases.

Case a All agente claim the same amount. Then, by definition of the Lorenz

FP-Safety for Fa, each agent receives the same amount and the entire endowment is

distributed at the first step. So that, 0?5 (LBg )] =DFn(E,c).

Case b: There are at least two agents whose claims differ. By construction,
givenn Fact 4, the agent with the smallest claim, say i, receives ag Lorenz P-Safefy

for Py, Ls;(LBgs ) = DFPing E,c). Furthermore, for each m & M the agent with the
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highest claim, say j, receives as Lorenz P-Safety for P, Ls;(LBE ) = Fing(E™,c™).
Now, by Lemmag 7 and 9, for each agent v € N who at some step m & M recelves
DPin (E™, c™) ag Lorenz P-Safefy for Py, we have pit(LB. ) =DPin (E,c). For
each of the remaining agents, say | # 7, by Lemma 8, ¢**(LBg) <DFm(E,c).
Then, we know, by Remark 3, that ©“(LBs) exhausts the endowment, thus,

0 (LBp) =DPin(E,c). o

A4 Proof of Theorem 3.

Theorem 3. For each bi-personal LBp © LBp, LB = [((E,e),CE, DCE),
the Recursive Lorvenz P-Safefy rule is the Dual Constrmined Egafiforan rule,

w"(LBe) =DCE(E, ).

We note two facts, in which we assume, without loss of generality, that (E,c)

£ By,

Fact 8 The fual Constrained Egalifarian rule can be wriften as follows,

qruen (E,c) € Bp, 1 € N,

o; — max {¢;/2, min {e;,5}} if < G2

DCE(E,c) = ;
o —mind /2, 8} if B> Cf2
where & 15 chosen such that > DOE(FE, c) = E.
=y

By Fact 8, it is obvious that agent one receives nothing if min {c; — 1,00/2} = E.
The following fact gives us two conditions that will be used in the proof of

Theorem 3.

Fact 9 Let LBg, € LBp, such that (E, c) € By, a bi-personal problem. Then, given
Fact 8 and the definefion of the Dual Constrained Egalifarian rule (see Section 0.1

of Preliminaries), af any step m € N,
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Ls\(LBg) =DCE/(E™, c™). Therefore.

() Nezt inequality characterizes the fuct that agent one is guaranteed nothing af

each step m € N
L5 (LEE ) = 0 < min {cf — e, o7 /2} = E™, (C.A1)

(22) The previous chamcterization for step m € M imphes the follounng condifions

i terms of the problem af sfep m — 1,
Emr <l —cF e Fm V- La(E™ Le™ L) — Lag(E™ L,o™ L R) =
<o V= Lag(E™ Vo™ L P — (¢ ' = Lsy(F™ Y e L B

so fthat, form = 2,
EP<-deaE<eg—c+2Ls(LBe) (C.A.2)

Furthermore, % < c2/2 & E — L (LBg,) — Lsa(LBp,) < co/2 — Lax(LBp,)/2

and then,
E* <cif2 2 E < 03/2+ Lsg(LBp ) /24 Ly (LBg,). (C.A.3)

Proof of Theorem 3

For each bi-personal problem LE. € L£Bg, such that (E,¢) & By, by Fact 8, at
each step m € N, Ls|(LBE ) =DCE | (E™, ™), and Lsy(LBE ) =CE(E™, ™).

Now, we show that agent 1's Lorenz P-Safefy for F; at each step m = 2, is
zero, so agent one's Reeursive Lorenz P-Safety rule for P is the Dual Constrained

Egalitarian rule. Then, since ©™*{L B, ) exhausts the endowment, given Remark 3,

0 (LBp) =DCEs(E, ).

If vy = g, by the definition of the Recursive Lorenz P-Safefy rule for P
(Definition 8), each agent i receives the same amount at the initial step. And if

ey # rg, with B = (o +c3) /2 by the Midpont Property, each agent 1 receives
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her half-claim, c;/2. In both cases, therefore, at the initial step the endowment is

exhausted, and ¢ (LB, ) =DCE(E, ).

When ¢y # o5 there are three cases.

Case 1: Ls|(LEg,) = 0. Note that this is only possible in Region [.a of Figure
A1 and in Regions Lb and ILb of Figure A.2.

Then, by Condition C.A.l F < min{e; — ey, c0/2} . Now, in the following step
E? = FE— Lsy(LBg), cf = ¢y and &2 = ¢y — Lsy(LBg, ). Therefore, Condition C.A.1

again states that Ls1(LB% ) = 0 if and only if

E — Lsg(LBg,) < cg — ¢y — Lag(LBg, ), which follows from F < ¢y — o,
and

E — Lsg(LBg,) < (e9/2) — (Lag(LBg,)/2), which follows from E < ¢3/2.

Applying the previous reasoning from step 2 to the next step, and so on, we

obtain wi“(LBg,) = 0. Therefore, by Remark 3, ¢ {LBg,) = (0, E) =DCE(E, 2).

In Cases 2 and 3, we will show that at m = 2 agent 1's Lorenz P-Safefy for F; is
zero. Case 1 can then be applied to the residual Lorensz- Bifocal Bankruptey Problem,
so from m = 2 on, Lsi(E™", ¢™h ) = 0, for each A € N, and off*(LBg) =

= LS'I(LBPSJ.
Case 2: Ls1(LBp,) = 0, and c3/2 = 3 — 1.

In this case the agents’ Lorenz P-Safefy for F; can be placed in Regions ILa,
IIl.a, IV.a and V.a of Figure A 1.

Region ILa: ¢ — oy < F < ¢y, Then, Ls(LBg) = (E 4+ ) — 3)/2 and
Lss(LBp,) = E/2. Conditions C.A.2. and C.A.3 imply F < 2¢;, which is true, as in
this region, & < ¢,. Therefore,

0 (LBg) = ((E + 01 —c2)/2,(E — o1 + c2)/2) =DOE(E, ).
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Region Illa: o < E < (o + ¢3)/2. Then, Ls;(LBp) = E — 23/2 and
Lss(LBp.) = F —c1/2. Now, Conditions C.A.2, and C.A.3 imply & > ¢, which
is obvicusly fulfilled in this region. Therefore,

0" (LBg) = (E — (c2/2), 2/2) =DCE(E, ).

Region IV.a: (o + )/2 < E < [(oy + ¢2)/2] + [(e2 — ©1)/2] = ep. Then,
Ls1(LBp,) = c1/2 and Lsg(LBp,) = c2/2. Again, from Conditions C.A.2, and C.A 3
we need to show both E < oy, which is the Estate-upper bound of this region, and
F < [3ep/4) + (21/2), which, by the Estate-upper bound of this region, is true since
eof2 = cn — oy in Case 2, which implies o1 /2 > oz /4. Therefore,

WA LBe ) = (01/2, FE — 0 /2) =DCE(E, e).

Region V.a: cg < E < 2¢. Then, L1 (LBp,) = (E+c1—c2) /2 and Lss(LBg,) =
= E/2. Now, Conditions C.A.2. and C.A .3 imply F < 2¢;, which iz obviously fulfilled

in this region. Therefore,

™ (LBg) =[([E+ o —c3)/2,(E — 1 +c5)/2) =DCE[E, ¢).

Region VI.a: 201 = E. Then, Ls1(LBg) = (E+c1 — ¢2)/2 and Lsx(LBg ) =
= E — ;. Here, Conditions C.A.2, and C.A.3 do not imply any restriction, so that,

WA (LBg) = ([E+ o —c)/2,[E —¢1 + 3)/2) =DCE(E ).

Case 3: Ls(LBg) > 0, and e3/2 < 3 — ¢y, In this case, the agents’ Lorenz

F-Safety for F; can be placed in Regions ILb, IILb, IV.b and V.b of Figure A.2.
Region IILb: /2 < E = (o) + 23)/2 Then, L5(LBg) = E — c3/2 and
Lsy(LBp ) = E — /2. Conditions C.A2 and C A3 imply F > o, inequality
fulfilled as in this region /2 < o — 1, implying o = c3/2. Therefore,
0 (LBg,) = (B — c2/2,00/2) =DCE(E, c).
Region IV.b: (m + )/2 < E < o) + /2 Then Lsy(LBg) = /2 and

Lsz(LBp,) = cg/2. Now, Conditions C.A.2. and C.A3 imply F < ¢ and F <
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< 3es/4 + 01 /2, and both inequalities are satisfied as in this region /2 < oy — 1,
which implies ¢; < rg/2. Therefore,
WA LBe ) = (01/2, F — 0 f2) =DCE(E, e).

Region V.b: 01 + 2/2 < E < eq. Ls1(LBg) = o1/2 and Lss(LBg,) = E — 1.
Conditions C.A.2. and C.A 3 imply E < ¢y, which is the Estate-upper bound in this
region. Therefore,

W LB = (01/2,F — 0, /2) =DCE(E, c).
Region VLb: c; = E. Then, Ls1(LBg ) = (E+ a1 — 2)/2 and Lss(LBg,) =

= E — ;. Here, Conditions C.A.2, and C.A.3 do not imply any restriction, so that,

wAHLBg) = ((E + 01 — 2)/2,(E — 1+ ) /2) =DCE(E, ¢).
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\ (cz _.1‘2)51-.‘

Figure A.1: Regions of the Constrained Egalitarsan rule and its dual [case a).

Note that this figure the black solid lines represent all the possible sharing of six
different levels of the estate (E,, E;, B3, B, Fs and Eg). The blue and the green
solid lines show &K and DCE. The regions are, starting from the estate zero, those

areas bounded by an estate and by the next one.



132 A. Proofs of Chapter 2.

Xy

(e 2>y

Gy e 11':1]

croyf2 [T

Cyf 2

{Cz-CL},"z — =

|
Ib by ITIb Ivh ¥ Y1h

g /2 E g E E E E E %

Figure A.2: Regions of the Constrained Egalitarian rule and its dual [case b).

Again, note that in this figure the black solid lines represent all the possible
sharing of six different levels of the estate (£, Fp, Ea, Ei, Fe and Fg). The dots
and squares show OF and DCE. The reglons are, starting from the estate zero,

those areas bounded by an estate and by the next one. B
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A5 Proofs of Propositions 1 and 2.

Froposition. 1: There s a problem, (FE,c) € B, jor which the Recursive Lorenz P-
Safety rule for Fi does not comcide with the Dual Constrained Egalitarion rule,

0" (LBr) #DCE(E,c),

FProposition B: For Fi, the Recursive Lorenz P-Sofefy rule does nof sofisfy

Resource Monotonieity.

First, we note the following fact, in which we assume, without loss of generality,

IIE, Cj = Bn.

Fact 10 By Fact 8, the Dual Constrained Egalifarian rule can be written as follows,

given (E,c) € Bp, 1 E N,
DOE(E,c)= o — v,

where v, 15 chosen such that > DOE(F,c) = F.
i
Therefore,

Clase a: B < C/2. We can compute -y, as:

o Vil
T = '
max {2, 05 Vel

where agent [ is such that 3 min{c; — oy, ;/2} < F, and
=l
either 5 min{e; — ¢ 10/2} = B, etther I = 1. Otherwise, [ = n.
iol 1
Then, for each i = |,

{1
L_ZC:I'_Z’)‘}

i—1 o

R |

Note olso thaf we shouwld compute o from the highest claimant fo the smallest

OTLE.
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Case b: E = C/2. Then, v, denotfes the losses incurred by agent 1 when the

losses from the clmm wvector are equal for all agents subject fo no-one obfmnaing less

than her half-claim.

Proof of Proposition 1.

Let us consider the problem LB g, € LB, such that (F, ) = (21,(5;19.5;20))
e B.

Thus, given the definitions of the Constramed Egafifarion rule and its dual
(Section 0.1 of Preliminaries), the definition of the Lorenz P-Safefy (Definition
3) for Fa, and Fact 10, we obtain at step m = 1, (El, ') = (21,(5;19.5;20)),
CE(E', ) =({25,8.25,9.25), and DOE(EY, ') = (5 — 4, 18.5 — v, 20 — v3).

Since min {20 — 5; 10} + min{19.5 — 5,9.753} = 19.75 < E, [ = 1. Thus,
s = 23.5/3 = 7.83 = v, = max {10; .83} = 10.

s = (23.5 — 10) /2 = 6.75 = 7y, = max {9.75; .75} = 9.75,
=235 —-10—-8T5 =3T3 = v, = ma&c{z.ﬁ; 3.75} =3.75,
So, DCE(EY, ¢!y = (1.25,9.75;10) . Then, Ls{E!, ¢!, B = (1.25;9.25;6.25) .

Stepm =2
(E2,¢%) = [1.25,(3.75 10.25;10.75)), CE(E? ¢?) = (0.416;0.416;0416), and
DOR(E® ) = (3.75 —~%,10.25 — +%, 10.75 — +v3).

Since min {10.75 — 10.25;5.375} = 0.5 < E* = 1.25, [ = 2, and

for [ = 1, min {10.75 — 3.75;5.375} + min{10.25 — 3.75,5.125} = 105 > E-
Thus,

od = (23.5 — 3.75) /2 = 9.875 = % = max {5.375; 9.875} = 0.875.
ol =235 —3.75 — 9.875 = 9.875 = 72 = max {5.125; 9.875} = 9.875.

+2 = 3.75.
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So, DOE(E? %) = (0;0.375;0.875) . Then, Ls(LB%) = (0;0.375;0.416),

and

T2 | Ls(LBL) = (1.25,9.625;9.666)
Stepm =3

(E,c8) = (0459, (3.75: 0.875; 10.334)), CE(ES, %) = (0.153;0.153;0.153) , and
DOE(E® %) = (375 — 3, 9.875 — ~3, 10.334 — +3).

[ = 2 since min {10.334 — 9.875, 5,167} = 0,450 = E*, and

for [ = 1, min {10.334 — 3.75; 5.167} + min{9.875 — 3.75,4.937} = 10.104 > E®.

Thus,
ol =235 — 3.75 — 9.875 = 0.875 = 2 = max {5.167, 9.875} = 0.875.
~3 = 9.875.
~3 =375,

So, DOE(E®, %) = (0;0;0459). Then, Ls[E® % ) = (0,0;0.153), and

Y3, Ls(LBE) = (1.25;9.625,9.819)
Stepm > 3: DOCE(E™, ™) = (0,0, E™), since ™ = o — of

Then, ¢ (LBp,) = (1.25;9.625,10.125) # DCE(E,c) = (125:9.75:10) . m

Proof of Proposition 2.

Let us consider the problem LBg and LB, £ LBp, such that (F,c) =
= (21,(5;19.5,20)) and (E', ) = (22.25; (5; 19.5; 20)) € B, respectively.

In this case, given the definitions of the Construined Egalifarian rule and its

dual (see Section 0.1 of Preliminaries), and by the definition of the Lonenz P-Safety

(Definition 5 for Fs), and since the Midpoiné Property is fulfilled,

0 (LB ) = (2.5,9.75,10) .
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Moreover, in the previous example, we have seen that
0 (L By) = (1.25;9.625,10.125) |

Obwiously, these two distributions contradict Resource Monofonacify as the highest

claimant receives less when the endowment increases. m
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AFFENDIX B

Proors oF CHAPTER 3.

B.1 Proof of Theorem 4.

Theorem 4: For each LBg & LB, such that F is Self-Dual, then for each 1 £ IV,

=LE§(£Spi ;|+L.S,'I:L8pt}

pEOR(LE ) . :

The proof of this result is based on two lemmas and a remark.
The first lemma shows that, in any step m € M, m > 1, the sum of the Lorenz

FP-Safety and the Lorenz P-Cesfing coincides with the sum of the claims,

Lemma 10 For each LEg, = LBp, such that By 15 Self-Dual, and m e Nom > 1,

3 [La(LBE) + La,(LBE)] = C™

iEM
Proof. Let LBg € £Bp, such that F, is Self-Dual, and m e N,m = 1.

Note that for each ¢ € N, and each Lorenz- Bifocal Admissible rule, o,
min {LGM (E o), LLMP (B, o)} < v, <« max {LGM (E o), LLM[ (E,0)}.

Then, by the definitions of the fLorenz P-Safefy and the Lorenz P-Ceifing
(Definitions 5 and 9), these two rules define the Lorenz P-Safety and the Lorenz

FP-Ceifing of each agent for a set of properties I, Le.,

Ls;(LBg) = min {LGM[* (E, &) ,LLM* (E,c)} , and
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Leoj(LBg) = max { LGM[ (E, ), LLM[* (E,c)}.
Woreover, by their dual relation, for each agent we are adding the two Lorenz-

Foeal rules, So next expression comes stralghtforwardly.

= E™,

Z |:LC.&|(LBT;:) + LS?{LBEJ
2

ja=iy

Finally, we know that

E™ = E™'-) Ls(LBE ') =
TEf
Le(LBE ')+ Ls;(LBE ')

=Y 5 Y Ls(LBE ) =

L=y TEM

[ Le(LBT V) — Ls(LBR !
_ Z ( F )2 ( i j =Gmf2,

Li=gy}

by the definition of the Lorenz Double Boundedness Recursiwe Process (Definition
10). w

The following remark iz a direct consequence of Lemma 10 and it says that for
each Lorenz Bifocal Bankruptcy Problem, and at any step m € N,m = 1, the half of
the claims sum at every step of the Lorenz Double Boundedness Recursive Process
(Definition 10) coincides with both the endowment and the total loss at every step

of the process.

Remark 4 For ench (LB ) € LBg, such that F, is Self-Dual, and m e Mym > 1,

E™ = [m=(Cm/2.

Proof. Let LB, € LB, such that F, is Self-Dual, and m = 1 € N, We know
that, L™ = ™ — E™, By Lemma 10, E™ = C™/2, Therefore, L™ = ™ — C™/2 =
=C™/2. n

The second lemma says that, each agent's claim at each step different of the

initial one coincides with sum of both the lower and upper bound on awards.
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Lemma 11 For each LBp, € LBp, such that F, is Self-Dual, and m > 1 € N,

ey = Le;(LBE )+ Ls,(LBE ).

T

Proof. Let LEg £ L£LBp, such that F is Self-Dual, for each ¢ € N, and each
m =1 € N, by Remark 4 we know that form =1 € N, L™ = E™, 50, Ls;(LBT) =
= Ls:i((LBg)%). By duality Le(LBE) = c?—Lsg;lfi:LBE?;}dj = ot — Ls;(LEE), then,
o™ = Le(LBE) + Ls;(LBT). m

T

Proof of Thecrem 4.

Let LBg € £LBp, such that F, is Self-Dual, foreach 1 € N, and each m € N,

©tPRLBp, = Ls(LBg)+ > Ls,(LEE),

m—2

By the definition of the Lorenz Double Boundedness Recursive Process (Definition

10),
Yo = Y [Le(LBE Y —Lsi(LBZ V)] =
m—a m—a
= Le(LBp)+ Y Lo(LBE) — Ls(LBg) — Y Ls,(LBE).
m—2 m—2
By Lemma 11,
Y er =3 [Le(LBE) + Ls,(LBE)] .
m—2 m—2
So,
Le(LBg)+ Y LofLBE) — Lsi(LBg) — Y Lsy(LBE) =
m—a m—2

- i [LQ(LBE) + LsJLBE)] '

Thus,
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S La(LER) = (LalLBr) - Ls(LEn) /2

Therefore,
Le(LBg) — Ls;(LEg)
2

[,D,EFDR(LBPEJ = LS.;;{LBPE) +

Lsi(LBp) + Ia(LBp) _
: |




141

AFPENDIX C

Proors oF CHAPTER 4.

.1 (General remarks

Next we present three remarks, in which we consider, without loss of generality,
(E,c) € By, These remarks, which comes straightforwardly from the definition of
the Lorenz P-Safefy (Definition 5) for the sets of equity principles Fi, P and Fi,

and the definitions of CEA;, CEL, Pin, DFPin, UF and DCE rules (see Section 0.1 of

Preliminaries), shows the smallest and highest agents’ Lorenz P-Safety, respectively.

Remark 5 Given LB € LBp, LB = ((E,c) , CEA CEL), and for eachm € M,
Ls,(LBE) =CEL,(E™, c™) and Ls, (LBR) =CEA,(E™, &™),

Remark 6 (Given LBg, € LBp, LBg = ((E,c), Pin, DPin), and for each m € N,
Lsy(LBR) =DPin(E™, &™) and Ls,(LBE) = Pin, (E™, &™),

Remark 7 Given LBp, € £LBp, LBp, = ((E,c) ,CFE,DCE), and for each m € N,
Lsi(LBR) =DCE(E™, c™) and Ls,(LBE) =CEL(E™,c™),

C.2  Proof of Proposition 5.

FProposition 5. For each LBg & LBg, LBn = ((E,2), Pin, DPin), and each
1 € N, if ¢'(E,c) € ®(LBg), and for some 3 € N, ¢I[E,c) = DPin(E,c),

then w[y), LEg| = DPin(E, ).
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[Step 1] If all agents agree on w(LBpg) = DPin(E,c), then w[y),LBg] =

= DPin(F,c). Otherwise, go to next step.

[Step 2] Let Ls; (LBg,) = ﬁiﬁ@g (LEg), ¢* = c— Ls(LBp), and E? = E—

- > Ls;(LBg). By Lemma 7, for each agent 71 such that Ls;(LEg) =
=E%VP1'?11;|[E, ¢), Ls; (LBL} = 0. Since ¢ = D Pin, if all agents agree on ¢ (LE% },
by Lemma 9, DPin(E,c) = u [}, LBg)| = Ls(LBg) +v (LB} ). Otherwise, go to

next step.

[Step m + 1] Let Ls; (LEZ} = Eueifgnpgf (LBR), B! = = — EVLSE- (LBE},
and ™+ =" — Ls (LBE) . By Lemma 7, for each agent ¢ such that Ls, I:LB};;} =
= DFinE™ c™), Ls, I:LB’;ZH} = 0. Since ! = DPin, if all agents agree on
w (LBET'} by Lemma 9, DPin(E,c) = u[, LEg] = S Ls (LBE }+¢ (LBEY}.
Otherwise, go to next step. o

[Limit case] Compute ;:Lsa- (LBE ). Note that, by Lemmas 7 and 9 and the

-1

definition of the DFin rule (Section 0.1 of Preliminaries), for each agent ¢ € N

such that ¢; # ca, ».L8 (LB} = DPing(E,c). Moreover, for the rest of agents,
F—1

{, by Lemma 8, ZLS;{LBE] < DPiny(F,c). Furthermore, by Remark 6 and the
k=1
definition of the OFin rule,
Lsi{LBp) = Ejn = DPin(E,c)/m Le(LBY) = (DPiny(E,c) — Ls(LBp,)) /n

™ . w1
thus, > Ls (LB’,‘;E) = &T-Elkz: I:”Tl}k, Le.,
-0

-1

Y Lsi (LBE)} = DPin(E,¢),
E—1

Therefore, Y Ls (LB} = DPiny(E,c).
k—1

.3 Proof of Proposition 6.

FProposition 6: In the game I'} Ee, the DFPin rule 1s o weakly dominant strafeqy for

the agent unth the highest claum.



Rationing problems with Commonly Accepted Equity Principles 143

By Remark 2, foreach m e N, of < <. <7

— M

Moreover, note that for each LBy & LBy and each v € ©(LBg, ),
DPin,(E,c) = .l E,c).

Finally, by Lemmas 7, 8 and 9, 3 Ls,(LBE) < DPin,(E,¢).
—1
Therefore, DFin, (E,c) = u, i, LBg)|, L.e., the DFin rule is a weakly dominant

strategy for the agent with the highest claim. m

_C.4 Proof of Theorem 6.

Theorem 6: In any Nash equilibrium induced by the gome I gp each agent receives

the amount given by the DPin rule.

Let us consider LBp € LBp. Then, each agent’s outcome in any Nash
equilibrium of I'; ¢ satisfies DPin; (E,c) <u; [y, LBg)], for each 7 £ N, Otherwise
if for some 1 € N, DPin, (E,c) > wu [, LBg]| then, by Proposition 5, agent %
could deviate to choose DPin, which gives her more awards, contradicting the
Nash equilibrium. Finally, if for each ¢ € N, DPin; (E,c) < w; [, LBg], then,

u[),LBg| = DFin(E,c), since 3 .y, LBp] < E =

C.5 Proof of Proposition 7.

FProposition 7: For each LBg € LBp, LBg, = ((E,c) ,CE,DCE), unth |N| = 2,
and each 1 € {1,2}, if @(E,c) € ®(LBg), and for some 7 € {1,2}, ©¥(E,c) =
= DCE(E,c), then u[p, LBp| = DCE[E, ).

[Step 1] If the two agents agree on ¢ (LEBg ) = DOE(E,c), then u[3p,LBg | =

= DCE(E,c). Otherwise, go to next step.
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[Step 2] Let Ls; (LBg ) = r_r:tifgupf (LEg), ¢ = c— Ls(LBg ), and E? = E—
TE
— 5 Ls; (LBp,) . In this case, by Remark 7, Ls, (LBp, ) = DCE(F,c), and by Fact
=
9, Lsq I:LBE%) = 0. Since ' = DCE, if all agents agree on v I:LBEPS} ,then, as we can
see in the proof of Theorem 3 (Appendix A.4), w ([, LBg,] = Ls(LBg )+ I:LBEPS} =

= DCE(E, c). Otherwise, go to next step.

[Step m + 1] Let Ls; (LER} = g%iﬁupg (LBZY}, B+ = F _EWLSEC (LBE},
and ¢**+! = ¢™ — Ls (LBRE}. By Fact 9, Ls; (LBZ) = (. Since ' = DCE, if all
AFENLE agree O © I:LB}};} , then, as we can see in the proof of Theorem 3 [Appendix
Ad),ul[y,LBg| = iLs (LBE )+ (LB;’;H) = DCE(E,c). Otherwise, go to next
step. o

[Limit case] Compute ;Lsi (LBE.}. Note that, by Fact 9 and the definition
=1

of the DCE rule (Section 0.1 of Preliminaries), and, as we can see in the proof of

Theorem 3 {Appendix A 4), for agent 1, 3 Ls1 (LBE } = DPim(E,c).
=1

Moreover, by Remark 7, 3 Lsx(LBE) < DCER(E,¢). Furthermore, by Fact 7
E—1
and the definition of the PCFE rule,

Lsy(LBg) = E/2= DCES(E,c)/2;
DCEE(E, Cj — LSE{LBPE) ]
3 I

Lss(LB2)

I

thus,

DCEQ(E, C) — LSE(LBng

Ls3(LBp,) + Lsa(LB}) > Lsx(LBp)+

2
1 DOEL(E
> (1—5) LSE(LBpsj—i—#
| _ 1\ DCEy(E,c) DCE(E,c)
= 2 9 + 2
_'_";> -_—

(1 1) DCE4(E,¢)

+2 2
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So that, in general,

S o)z BT (1
2 -

k=D

By considering the limit when m — oo we obtain

ZLSQ (LBL)} = DCE,(E,c).
=1

Therefore, > Lss (LB{‘;B} = DCOE(E,c). ®
k=1

C.6 Proof of Theorem 7.

Theorem 7. For each LBp € LBp, LBy, = ((E,c) ,CE,DCE), with |[N| = 2, in
any Nash equilibrium induced by the game I'} R each agent receives the amount

muen by the DUE rule.

Let us consider LEm & LBp. Then, each agent’s outcome, in any Nash
equilibrium of F%Spﬁ satisfies DO E; (E,¢) < w; [y, LEg] foreach 1 € N, with |N| =
2. Otherwise if for some ¢ € {1,2}, DOE; (E,¢) > u; [, L Bg,| then, by Proposition
7, agent ¢ could deviate to choose DG F, which gives her more awards, contradicting
the Nash equilibrium. Finally, if for each ¢ € {1,2}, DOE; [E,c) < w; [, LBg],

then, u[i), LBg) = DCE(E,c), since ) .y u; [}, LB < E. W

C.7 Proof of Thecrems 8 and 9.

Theorem 8: There 15 a problem, (E,c) € B, for which in ¢ Nash equrlibrium induced

by the game F”}igpa, not all cgents recetve the amount given by the DCE rule.

Theorem 8: The Nash equilibrium induced by the game %Sps does not fulfill

fesource Monotoniculy.
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Proof of Theorem &,
Let us consider the following problem LBg £ £Bp, such that, (E,2) € B =

= (21,(5;19.5,20)), and for each step m € N,
¥ (LBZ) = (CEp*, DCE).

Thus, given the definitions of the € rule and itz dual and Fact 10, we get
at stepm = 1, (E',e!) = (21,(5,19.5,20)), CE(E',Y) = (2.5,0.25,0.25), and
DOB(EY, ') = (1.25,9.75; 10},

[Step 1] Since there is no agreement, go to next step.

[Step 2] Ls(LBg,) = (1.25;9.25,9.25), and E* = 1.25. So,
(F2,c2) = (1.25,(3.75:10.25;10.75)), CE(E? c3) = (0.416: 0.416;0.418), and

DOE(E?, %) = (0;0.375,0.873) , and since there is no agreement, go to next step.

[Step 3] Ls{LB% ) = (0;0.375;0.418) , and E° = 0.459. So,
(ES,c%) = (0.459, (3.75: 9.875; 10.334)), CE(FE®, %) = (0.153;0.153; 0.153) , and

DOE(E®, %) = (0;0,0.459) , and since there is no agreement, go to next step.

[Step 4] Ls{LB% ) = (0;0;0.153), and E* = 0.308.80,

(E%, o) = (0.308, (3.75;9.875 10.181)), CE(E®, %) = (0.102;0.102; 0.102) , and
DCR(E?, ¢*) = (0;0,0.308), and since there is no agreement, go to next step.

[Limit case| Note that, since E™ < o — ¢, and ¢™ > E™/3, for each step
m > 3, DOE(E™, ") = (0,0, E™) and CE({FE™,c™) = (E™/3; E™/3; F™/3) Thus,
Ls(LBE) = (0; 0, E™/3)

Therefore, u [y, LBg] = 3. Ls (LB% } = (1.25,9.625, 10.125) .
k=1

At this point, we have to show that the OF and DCE are the weakly dominant
strategies for agents 1 and 3 in this example, respectively.
In this regard, next we can observe that agent 3 cannct increase her payoff by

changing her strategy.
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Let us consider the same problem LBp € £Bp, such that, (E,c) € B =

= (21,(5;19.5,20)), and for each step m € N,
P (LTBPS) = ICC’E,(,:JZ,@} ,

where, since from step 2 on, the remaining estate in this case is different from the

previous problem, we will denote by E" the estate for each step m > 1.

Thus, given the definitions of the ¢F rule and its dual (Section 0.1 of Prelimi-
naries) and Fact 8, we get at stepm = 1, (F', ') = (21,(5;18.5;,20)), CR(E', ") =

= (2.5,9.25:9.25), and DCE(E!, ¢!) = (1.25;9.75; 10) .

[Step 1] It is obvious that there is no agreement, because if all the agents chooses
the £'F rule, then
" [qb,L_BPB] = CF:(E,¢) = 9.25 < 10125 = uz [¢), LEg,]

Therefore, go to next step.

[Step 2] By construction,
_ 1 _ 1
01 (LBe) = DCBIE, ), oy (LBp,) < CEA(E' ¢,
37t = oy et =1
6 (£Br) = CEi(E ), 6} (LB,,) 2 CEAE &),

—1 1
CE:(E ,cb), s (LB%) < DCEL(E!, o).

=]
2]
e
o
LPH
S
W

Then,

— _ 1 _ 1
Ls(LBg,) = (min {apg (LB%) 0 (LB%)} 1925, 9.25) .

Note that,
_ 1 _ 1
min {(p% (LBPB) R (LBPS)} = DCE(EY, e') + o, where o £ B, such that
DCE(EY Yy <« DCEEY, )+ o < CE(EY ),

and Lss(LBg) = Lss(LBg,).



148 C. Proofs of Chapter 4.

Thus,

E =19 —a < E2. Yo,

(Ez,cz) = (1.25 — o, (375 — o) 10.25; 10.75)) ,

CE(E’E,CEJ = (0418 — /3, 0,418 — /3, 0416 — /3], and

DCE{EZ,CE) = (0;0.375% — o/2,0.875 — o/2), and since there is no agreement,

go to next step.

[Step 3] By construction,

_ 2 2 _ 2
(04 (LBPB) = DCE(E M), v (L Pﬁ] < CEE %),
_ 2 _ 2 _2
0 (LBPB) > DCES(E , &), o, (L Pﬁ] < CE(E Y,
— 2 _ 2 _2
(s (LBPB) > CE:(FE 0%, w (L psj < DCEL(E %)
Then,
_ 2
Ls(LBg) =

= (min {tpf (L_BT;S) Y5 (LTB’?;)} ;ymin {tpf (L_BZ) 07 (L_BZ)} ;1 0.416 — -:v,fE) .

Note that,

min {tp? (LBPB) 07 (L pz)} = DC’El(E’E,CEj + o, where o £ R, such that
DOE(E ,c%) < DOE(E &) +0? < CE(E ,c2),

min {Lpg (L_BEPB) wos L pa)} = DC’E;I{EE,CEJ + &%, where £2 £ R, such that
DCEG(E ) < DCEY(E &) +£? < CEL(E e,

and LsslfL_Bi.sj < Lsz(LBE).

Thus,

E = (1.25 —a)—0?—(0.375 — £ — %) — (0416 — &) = 04592 —0® —£? < EF,

So,
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[Step 4] By construction,

- 1 -3 % - 3
23] (LBF’g) :_? DCE'I(E :Cj= 28} (L Fy

)
s (L_Eis) > DGEQ(ES,EL s (L_ i) < CEJ(E %),
it

b
e
L“"I
LPmW
e
i
y
tn
L2}
tn
”'-:I
-
=]
Leh)
L‘-"I
L}J L2
R

Then,

— 3
Ls(LB,) =

_ 3 —_ 3 _ 3 _ 3
— (min {¢? (2B, ) % (£B s ) pimin{«? (LB, ) w3 (£B,) | E /3

Note that,

_z _z _3
min {(p% (LBPB) 07 (LBPS)} = DCE(E ,c*) + o, where o € Ry such that

-3 -3 2
DCE(E ,&*) < DCE(E &) +o® < CE(E %),

_ 3 iy _3
min {(pg (LBF,B) T (LBPS)} = DCEL(E %) + 23, where 22 € R, such that

DCES(E %) < DCES(E &) +2° < CES(E , ),
and LsglfL_B:;j < Lsz(LB%).
Thus,
E=F —o'—z'—F /3<E"

Since there is no agreement, go to next step.

[Limit case] Note that, since E < E™, for each step m > 1.

_ CJ _ K
Thus, s [w,LB%} = 3 Lss (LBPE) < 10125 = ug |3, LBr] , Le., the DOE
=1

rule is a weakly dominant strategy for the agent 3.

Finally, by duality we can easily get that agent 1 cannot increase her payoff by

changing her strategy, 1.e., the CF rule is a weakly dominant strategy for the agent

1.

Therefore, since agent's 2 strategy does not influence in the procedure, in

the Nash eguilibrium induced by the game I';z, for this problem, uy, LBe]| #

< DCE(E, ). m
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Proof of Theorem 9.

Let us consider the problem LBp and LB, & LBp, such that (F,c) =
={21,(5;19.5,20)) and (F',c) = (22.25;(5;19.5;20)) £ B, respectively.

In this case, given the definitions of the Constrmined Egalifarian rule and its dual

(see Section 0.1 of Preliminaries), and since the Midpoiné Property is fulfilled,

u [, LBy ] = (2.5;9.75;10),

Woreover, in the previous example, we have seen that
u, LBg] = (1.25,9.625;10.125) .

Obwiously, these two distributions contradict Resouwrce Monofonicify since the

highest claimant receives less when the endowment increases. &

C.5 Proof of Theorem 11.

Theorem 11: In any Nash equilibrium induced by the game Ff‘SP‘ , such that F, is Self-
Dual, each agent recerves the amount gven by the avercge of the fwo Lorenz- Focal

rules.

Let LEg = LB, such that F, is Self-Dual

By Theorem 4 we know that whenever each claimant’s Lorenz P-Safefy and
Lorenz P-Ceiling corresponds with the amount recommending by one of the two
Lorenz-Foeal rules, then all the agents receive the amount given by the average of

the two Lorenz-Focal rules.

Moreover, by the definition of the Double Concessions procedure (Definition 14),
we can easily note that the Lorenz-Gains Mazimal rule is a weakly dominant strategy

for the smallest agent, and the Lorenz-Losses Mazmmal rule is a weakly dominant
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strategy for the highest claimant. Thus,

Ls,(LBZY = min LGMA LEMAY | and
|lr P,::I 'PE‘b[LEPf}'{ ) 1 }
LellLET) = max LGyMA ropmil

||r P,::I 'PE‘b(LSPf;'{ T ) }

Therefore, by Theorem 4,

dulih,LBp] = lm Y Ls(LBE} = Ls(LBp)+ » Ls(LBE)
k=1 m—2
_ LS.‘;I\(LBPJ +LC.;;|:LBPJ
_ - ,
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AFPENDIX D

Proors oF CHAPTER 5.

D.1 Proof of Proposition 8.
Froposition 8: Gwen LBg € LBp, if © € C(V 8a) then, for all1 € N,
min{ LGM [ E, o), LEMP(E )} < z; < max{LGM(E o), LLMP(E, )}

Let LEgs & LBp and let z £ [CI:V'LS"f). Then, by definition of both

the bankruptcy rule (Definition 2) and the Core distribution (Section 0.5 of

Preliminaries),
S LGMA(E, )= LIMP(Ec) =Y =V 5 (N)=E (D.1)
T T L=
and

z; = VIR (i) = min {EGM[ (B, c), LEM[ (E,c)} forallie N,

Now, we only have to prove that z; < max { LGM (E ), LLM[ (E, ¢)} for all
1.

Let us suppose that there exists ¢ € N such that

Ty > MAX {LG‘Mf‘ (E,c), LEMI(E, c]} and,
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without loss of generality, let us agsume that
LIMP(E, ) <« LGMJ(E, ).

Then

z; > LGMU(E, ¢). (D.2)

Let § = {j € N\7} . Then, on the one hand, by Conditions D.1 and D.2,

S z;< Y LGM[E, <) (D.3)

€8 78
and on the other hand, since LM (E,¢) < LGMT(E, ), Condition D.1 implies
S LIM[(E,c) =Y LGM[(E,c). (D.4)
jEs 78

Therefore, by Conditions D)4 and D.3,

VEEa () = min {ZLLM;"(E,@,ZLGM;‘ (E, cj} = ZLGMjF’f(E,cj = sz,

FES FES FES Li=t=)

in contradiction with the fact that z € C (VLS‘%} . Thus,

T, = max{LGMf‘ (E,c), LLM] (E,c)} forallice N.m

D.2 Proof of Proposition 9.

FProposition 8 (iven LEBp € LBp, the associated Lorenz- Bifocal Bunkruptey (fame,

VEEm | is o PS-game such that for all i € N and for all coalition T C N™_{i},

AV EER(TY 4 AV ESe (N [T U {2Y]) = LGMP(E,c) + LEMP(E, o).
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Let LBg, & LBp. By the definition of the Lorenz-Bifocal Bunkruptcy Game
(Definition 15), V%%, is such that V*%7(¢) = 0 and, for each coalition 5, & #
£SCN,

VE%(§) = min {ZLGMf (E,c),Y LLM[ (E,cj} .
TES =
Let oy = LGM(E,c)) — LEMT(E,c) for all i € M. Then, the worth of each

coalition 5 C NV can be expressed as follows:

ZLLMf (E,c) if 3oy > 0

VLSPE (S’j — JES JES . (D.E}j
ZLGMﬁ (E,c) if $o; <0
TES TS

Next, we calculate the marginal contribution of any agent ¢ € N to any coalition
T C Nz}, that is, A VA5 (T) = V592 (T U {2}) — VE5A(T). The following four

cases exhaust all the possibilities:

Casel: ».0;>0and oy + .0y = 0.
jeT jeT
By Condition D5, V8~ (T) = ZLLMJF‘ (E,e) and,
seT
VEiSa (T U{i}) = S LLM[ (E,c) + LLM* (E,c). Thus,

JET

AVEER(T) = LLMF(E, e}, (D.6)

Case 2 : > o;>x0andoy+ 3 07 <0

TeT T
By Condition D.5, V£8a(T) = 3. LLM* (E,c) and
=T
VEiEa (T U{i}) = S LGMI (B, ) + LGM[ (E, c). Thus,

TeT

AVEER(TY = LGMS (B,e) + S LGMP (Ec) = S LLM[ (E, <)

JET 1T
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= LGMJ (E,c)+ ) o, (D.7)
JET

Case 3 : > o;<0andoy+ .04 <0

JeT TeT
By Condition D.5, V 54 (T) = Y. LGM/* (E,c) and
h=ra
VS (T U {i}) = S LGM (B, c) + LGM[ (E, ). Thus,
JET
AVERR(T) = LGMP (E, 2. (D.8)

Case 4 : 5o, <0and o, + 3 a0, =0

JET JET
By Condition D5, V8#(T) = 3 LGM (E,c) and V5~(T U {1}) =
TET
= Y. LLM[ (E,c) + LLM[* (E,c). Thus,
TeT
AV EER(T) =

= LLM (E,e)+ Y LLM (E.c) =Y LGM (E,c) = LLM[ (E,c) = Y oy,
JET JeT JET
(D.9)

Next, we calculate the sum of the marginal contributions of any agent 1 € N to
any pair of disjoint coalitions 7, 7% such that TUT* = N\{i}. With this aim, let us
note that, given that both LGMF and LLM ™ are distribution rules,

Yo=Y LGMI(E.e) - Y LLM (E =0

g = iEmM
Therefore,

S o= (m - Z&j) . (D.10)

ke FeT
Here again we consider four cases for coalition 7, which exhaust all the

possibilities:

Case 1 : 3 o; = 0and og + > o, = 0. Then, by Condition D10, 3 o < 0 and

J:ET :,TET kET"
a; + ¥ ap = 0. Now, applying Condition D6 to coalition T and Condition
(=r

D.8 to coalition 7%, we have

MV EBR(T) + AVEE= (TY) = LM (B, ¢) + LGM (E,c).
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Case 2 : 5 o; > 0and o; + > a; = 0. Then, by Condition D10, 3 o = 0 and

jET jET kET"

oy + . op = 0. Now, applying Condition D.7 to both coalitions 7 and T,
kT

we have

&.a'VLSPi (Tj+&1VLSPi (T*) — LGM';G;: (EF Cj-l—Zﬂ'j"‘LGM!ﬁ (Er Cj+ Z G:".[: —
JeT keT™

= LGM(E, )+ LGMI(E, &) — oy
= LGMI(E, O+ LGMI(E, o) — LGMI (E, o)+ LLM (E, c)

= LIMI(E. o)+ LGM (E, o).

Case 3 : > o, < 0and oy + >, o; < 0. Then, by Condition D10, 3 o > 0 and

J=T J=T fFcT-
oz + ¥ ar = 0. Now, applying Condition D8 to coalition T and Condition
ker-

D6 to coalition T, we have

&iVLSpt I:Tj + .&.;VLSP‘ (T#) _ LGM.,;R (_E,'F cj + LLMff (E, Cj .

Case 4 : > o, < 0and o; + > oy = 0. Then, by Condition D10, } o < 0 and

JeT jET keT*
a; + > o = 0 Now, applying Condition D.9 to both coalitions T and T,
kT
we have

AVEER(TY+ AV A8 (TY) = LEM[ (B, c) =Y o+ LIM (E,c)— Y op =
=T kT
= LLMP(E c)+ LLM[(E o) + o
= LIM[(E o)+ LLM (E, o) + LGM] (E,e) — LLMF (E, c)

= LIMI(E o)+ LGMI(E,c).m
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D.3 Proof of Thecrem 12.

Theorem 12: For each Lorenz-Bifocal Bankruptey Game, V257 where LBy € LB,
the Shapley value and the Nucleolus coincide and they are obtained in the average of

the fwo Lorenz-Focal rules, that is,

Sh(VEEa) = Nu(VEia) =1/2 (LGMP‘ (E,c)+ LLM"P (E, cj} :

Taking into account Proposition 9 and applying, to V5, with LBy & LBg,
the main result in Kar et al. [25], gathered below, we obtain that for all ¢ £
E N, Sh(VE8a) = PNu (v 9) = (LLM[(E,c)+ LGM[ (E,0)} /2, where
PNu denotes the Prenucleclus. Now, given that, by the definition of V%57,
PNu(V 5% satisfies individual rationality, that is, PNu{ViFa) = VE8a ([i1) for
all i € N, we have that Nu(Vi8a) = PNy(V I8~

Main Result in Kar, Mitra and Wutuswami (2009): If a TU-game V iz a
PS-game, then for all 2 € N, Sh(V) = PNu(V) = k; /2, where PNw denotes the
Prenuclenlus and %; is the player 1's specific constant corresponding to the sum of

her marginal contribution to any pair of disjoint coalitions 7, 7* such that T UTY =

= N\{:}. m
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APFENDIX E

Proors oF CHAPTER 8.

Proof of Proposition 10.

Proposition 10: For each (E,c,P) € Bp, ({E,c,P) € Be), ((E,c,P:) € Br),
the P-Safefy for the smallest agent, say 1, corresponds unth the Construined Equal

Losses (the Dual of Pinides’) (the Dual Constrained Egalifarian) rule,

si(FE,c,P)=CFEL(E, ) (51(E, c,Py) = DPin(E,c)) (s1(F,c, F:) = DOFE(F,c)).

e For each problem (E,c, Py), such that (E,¢) £ By, note that:
If CEL,(E,c) =0, by non-negativity, v, (E,c) = 0.

If CEL,(E,c) = 0, by the definition of the CEL rule, ey — CEL  (E,c) =
=c; —CFEL; (E,c), foreach j e ¥ # 1.
So by efficiency, if @, (E,¢) < CEL(E,c), ot —1(E,c) > ¢ — ¢, (E,c),

contradicting Order Preservafion.

Therefore, there is no Admissible rule, », for P, such that, ¢, (E,c) <

< CEL (E,c). m
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e For each problem (E,c, ), such that (E,c) € By, note that:

Case 1) FF < /2

If DPiny (E,e) = 0, by non-negativity, v, (E,c) = 0.

If D Pin, (E,c) » 0, by the definition of the DPin rule, 4 —DFamy (E,c) =
=2 —DPin; (E,c), foreachj e N # 1.
So by efficiency, if ¢, (F,c) < DPin, (E,c], % —p, (E,e) > % —p; (E,c]. By

the Midpoint Property, when E' = C/2, v (E',c) = /2, so that,

g} Cq
E_[PI(Eer = EJ_WJ(Eer

[PI(EF:C:I_[PI(E"?C) = ij(Eircj_[Pj(Ercjr

contradicting Super-Modularify.
Case 2) F = /2
If DPiny (E,e) = 0/2, by the Midpoint Property, v, [E,c) = ¢1/2.
If DPin (F,c) > c1/2, by the definition of the DPin rule, o —
—DPiny (E,¢c) =c; — DFPin; (E,e), foreach j € N # 1.
So by efficiency, if v, (F,c) < DPim (E,c), o1 — o (E,c) > o5 —p; (E,e).

When F' = ¢, p (E',c) = c, so that,

c1—vi(Ec) > g —y,(E )

¥ (EF:C:I_[PI (E,C:I = iy (Eircj_tpj (E,Cj,

contradicting Super-Modularify.

Therefore, there is no Admissible rule, , for Py such that, o, (F,c) <

< DFPin,(F,c). a
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e For each problem (E,c, Fz), such that (E,c) € By, note that:
Case 1) FF < /2
If DCFE,(E, ) = 0, by non-negativity, v, (F,c) = 0.

If DCE) (E,¢) = 0, by the definition of the DCE rule, & - DCE, (E,c) <
<2 - DOE;(E,c), foreach j e N # L.
Case 1.1) If DCE; (E,c) =3, foreach j e N # 1.
By efficiency, if ¢, (F,c) < DCE,(E,c), v, (E,c) » DCE;(E,c) = %. By

the Midpoint Property, when E' = C/2, ¢ (E', c) = ¢/2, so that,

' Ty
Wj{ErC):E:IT{Wj(ErC)r

contradicting Resource Monofonaicify.
Case 1.2) If DCE, (E,c)# 2, foreach j € N # 1,

By the definition of the DCE rule, & — DCE, (E,c) = 2 — DCE; (E,c), for

each j € N # 1.

So by efficiency, if v, (E,c] < DCE(E,c), & —p(E,c) > & —,; (E,c),

contradicting Order Preservation.

Case 1.3) If DCE, (E,c) # %, and DOE(E,c) =L foreach [k e N # 1.

We can reapplied the reasoning of Cases 1.1 and 1.2, In this sense, if
Case 1.3.1)If ¢ (F,c) = DCE,(E,c) .

i contradicts Order Preservafion.
Case 1.3.2) If ¢ (E,c) > DCE, (E,c) = =&,

By the Mudpoint Property, i contradicts Resource Maonofonicify.

Case 2) F = /2

If DOFE(E, c) =0y /2, by the Midpoint Property, v, (E,c) = o /2.
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If DCFE, (F, c) > /2, by the definition of the DCFE rule, oy —DCOF, (E,c) =

=c, — DCE; (E,c), foreach j € N # 1.

So by efficiency, if v, (E,c}] < DOE (E,c), o —p(E,c) > ¢; — w; (F,e),

contradicting Order Preservation.

Therefore, there is no Admissible rule, v, for P:; such that, o, (E,c) <
< DOFE (E,e). ®

Example 4 et us consider the problem (E, e, i), unth (E,c) = (49, (18, 27,40))
£ Be. Thus, we obtain that, CEA[E,c) = (16.3;18.3,16.3) and CEL(E,c) =
= (6;15;28) . By Proposition 10, 5,(E,c, P1) = 6 and 5:(E,c, P;) = 16.3, However,
for agent 2 neither of both rules is the smallest amount she can get according fo F,
sinee, for ezample, computing the Talmud rule, T (E,c) = (9;13.5,26.5) , we can see

that To(E,c) = 139 < CELs(E,c) <« CEAy(E,c) B

Example 5 fef us consider the problem (FE,c) = (80,(15; 16;30)) € B. On the one
hand, by Proposition 10, for each each (E,c, By) in B and each m € N the P-Safety
for the smallest and the highest agents are the CEL and the CFEA rules. On the
ofher hand, i can be easdly checked, following fhe same reasoning as fhe proof of
Proposition 10, that the Admissible rule which recommends the smallest amount for

the infermedinte agent, 1 ™02

, 15 defined as follows,
Case 1) CELy(E,c) < CEAR(E,¢).

A ™2 (B o) = CELIE, o) + (20 —o: —a) , where

L CELE(E‘-E}sc’ELI(E,E} If%l:CELg(E,Cj _CEL‘]_(EFCJJ E—C‘l
g CELiE.) Otherunse

]
Case 2) CELy(E,c) = CEAR(E,¢).
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a) CEA(E . c)=CEA,(E,c) = CEA;(E, e
6.1) ez — ey < E.
A min2 (F o) = CEL(E, c) + (—o; —o; 20) , where
o= S
a.8) cz —og = E.
phmn2 (B o) = CFEL(E,c)=(0,0,E).
b) CEA|(E,0) # CEAE, c) = CEA;(E,¢).
b.l)es—co = CEAg(E,e) —CEA(E, c).
™2 (EF o) =CEA(E )+ (—a;—o —a*; 20+ o*), where
ot =CEAy(E,c) —CEA(E,c), and
o= 53—':5%
b.8)es—co < CEAR(E,e) —CEA(E, c).
A min2 (B o) = CEA(E,2) + (0, —o; o), where

o=

Note that the case CEA(F,c) # CFEA(E,c) # CFEAz;(F,c) 15 not
passible, since, then by the definsfion of the Constraaned Egual Awards and the
Constrained Fgual Losses rules, CEL(F,c) < CEAL(E, c).

Moreover, by applying the idea of duality, 7 ™2 denofes the Admissible rule

which recommends the highest amount for the infermediafe agent. That is,
EPPI ma,lelrE?Cj = ; _(PFR min 2 (L,Cj .

Then,
Step m =1, (E', ') = (60, (15; 18; 30)),
CEA(E?, c1) = (15 16: 29),

CEL(E, c1) = (14.66; 15.66; 29.66),

P min2(E1 21 = (15 15.5;29.5)
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phmex2(Fl 21y = (15,16, 29) .
Then,

s(FY,ct, P,) = (14.66; 15.5; 29) ,
ce(EY, e', A) = (15,16;29.68) .

Step m =2 (E% %) = (0833, (0.33;0.5;0.68)],
CEA(E?, ¢%) = 0.278; 0.278; 0.278,
CEL(E?, %) = (0.111; 0.278; 0.444),
PP min2( B2 07) = (0.229;0.222; 0.389) ,
PP ™I EE o2) — (0.167; 0.333; 0.333).
Then,
s(E?,¢% P1) = (0.111;0.222, 0.278) ,
ce(E2,c2 P,) = (0.278;0.333; 0.444)

Stepm =3 (F?, %) = (0.222,(0.166;0.111; 0.168) ,
CEA(E®, %) = (0.074;0.074;0.074) ,
CEL(E?, ¢?) = (0.092; 0.037;0.092),
Note that in this step, the smaflest agent 1s agent 2, and ogent 1
and 3 has the same claim, so
s(E®, ¢*, P1) = (0.074;0.037;0.074) ,
ce(E2,c?, Py = (0.062;0.074; 0.092)

Af this pomdt,
Zi—l s(EF, oF, ) = (14.851; 15.759,; 28.185) .
By the definifion of the P-Safety (Definition 18), 5,(E™,c™, 1) = 0, therefore,
DBR(E,c, P3) = (14.851;15.759,29.183) + Y.2°_, s(E™, ™, ) #
# B PtalBa ) — (14.83;15.75;29.33)

Moreover, the average of the P-Safefy and the P-Ceiling does not ezhoust the

FESOUTTE,
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GE.I:E.E.F‘?};-.SI:E.E.-‘:‘?;' — (]-483| ISTSI 2933) =

Example 6 Lef us consider the bankruptey problem B, in which E = 80 and
there are three focal distribution rules, f, g and h, providing f(E,c) = [10,25,25),
g(E,c) =(0,27.5,32.5) and h(E,c) = (10,22.5,27.5). If the associated T{l-game 15
defined by
V9 (S) = min {Zﬁcf& CLZQJEJLZMEFCJ} ,
igs ics €S

i 15 easy fo werify that V5 ({1}) = 0, V&a({2}) = 225, V&~ ({3}) = 25,
VEa({1,2}) =275, V52 ({1,3}) = 32.5, VF~({2,3}) = 50 and V5~ ({1,2,3}) =
— B0, Then Sh(VER) = (549,25.42,20.18), Nu(V®#) = (8.95,95,28.75) and
(f+g+h)/3=(6+(2/3),25,28+(1/3)).

Note that wn this ezample the fhree foral distmbubion rules are mwvolved in
specifying the coalitions worth and this fact causes the loss of the PS5-game gqualify.
Furthermore, even L only defermines the worth of player 2, none of the ployers
1,7 € {1,2,3}, has o consfant sum of his marnginal contribufion fo all pairs of

coalitions whose union s NYJi}:
AVI{ZH+AV({3}) = 125#10=AV ({2} + AV ({23},

AV [N + 8V ({31) = 525 # 50 = AV ({2} + AV (1,3]) and

AV 1IN+ AV ({2)) = 80#575 = AV ({ol) + AV ({1,2]). m
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